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Extensive  research  was  conducted  providing  analysis  methods  and  design  methodology 
for  bonded  joints  in  structures  of  laminated  composite  materials  under  static  and 
fatigue  loads.  An  analytical  closed  form  solution  has  been  developed  for  stresses 
and  deformations  in  the  adhesive  joint  and  the  adherends,  including  transverse 
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configurations.  Fatigue  tests  were  conducted  for  various  geometries,  loadings, 
and  adherend  materials. 
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ABSTRACT 


To  more  clearly  understand  the  many  parameters 
which  influence  the  ultimate  and  fatigue  capacity  of 
composite  material  bonded  joints,  the  enclosed  theore¬ 
tical  and  analytical  program  was  initiated.  Presently 
a  lack  of  understanding  in  this  area  has  impeded  the 
wide  spread  use  of  the  high  strength,  light  weight 
fibrous  material  systems  presently  available. 

Using  the  Goland-Reissner  bonded  lap  joint 
analysis  as  a  starting  point,  an  elaborate  analysis 
including  the  effects  of  transverse  shear  and  normal 
strain  is  presented.  Moreover,  the  analysis  allows 
one  to  look  at  the  various  stress  distribution  through 
the  thickness  of  the  adherend  and  to  analyse  anisotropic 
material  systems  and  unsymmetrical  lap  joints.  Using 
this  analysis  an  extensive  parametric  study  is  pre¬ 
sented  indicating  ways  to  maximize  the  strength  of  a 
bonded  joint  under  ultimate  and  fatigue  loadings.  Good 
agreement  with  the  Goland-Reissner  theory  is  also  shown. 

Excellent  correlation  between  ultrasonic  and 
destructive  test  modulus  measurements  is  shown.  In 


id 


addition,  two  hew  test  methods  are  advanced  to  measure 
the  shear  and  tensile  properties  of  the  adhesive  as 
they  exist  within  the  joint.  The  influence  of  ply 
orientation,  adhesive  thickness  and  overlap  length  on 
the  true  tensile  and  shear  moduli  are  ascertained. 

Ultimate  and  fatigue  test  results  of  1002-S 
fiberglass  adherends  bonded  with  Hysol  EA951  Film  are 
presented.  It  is  shown  that  the  shear  proportional 
limit  stress  of  the  adhesive  is  an  important  fatigue 
life  parameter,  as  is  overlap  length  and  ply  orienta¬ 
tion  in  the  adherends.  An  adhesive  with  a  high  ratio 
of  ultimate  strength  to  modulus  in  shear  and  tension  is 
found  to  be  a  definite  advantage  in  maximizing  the 
capability  of  the  joint.  The  all  0°  adherend  specimens 
failed  in  the  adhesive,  for  both  ultimate  and  fatigue 
loadings,  while ’the  45o/0°/-45o/0°  specimens  failed  pri¬ 
marily  in  the  adhesive  for  ultimate  loading  and  iri  the  45° 
ply  adjacent  to  the  adhesive  for  fatigue  loading.  This  was 
explained  through  the  use  of  the  Bond  3  analysis  routine. 

An  electron  scanning  microscope  was  used  to 
examine  and  offer  insight  into  what  precipitated  the 
failures  in  the  adhesive.  A  fatigue  and  ultimate  design 
methodology  of  bonded  single  lap  joints  is  presented. 


frrfi Wn'fVlfcri  t  n  . 
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A  continuing,  non-uniform  loading  fatigue  test 
program  is  underway. 
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NOMENCLATURE 


terms  of  the  lamina  compliance  matrix  referred 
to  the  principle  material  axes. 

terms  of  the  lamina  compliance  matrix  referred 
to  an  arbitrary  set  of  axes. 

thickness  of  the  laminate. 

distance  from  the  geometrical  mid-plane  of  the 
laminate  to  a  particular  point  where  lamina  (K) 
and  (K+l)  have  their  common  interface. 

terms  of  the  lamina  stiffness  matrix  referred  to 
the  principle  material  axes. 

terms  of  the  lamina  stiffness  matrix  referred  to 
an  arbitrary  set  of  axes. 

applied  axial  load. 

transformation  matrix. 

the  laminate  mid-plane  longitudinal  displacement 
in  the  direction  of  the  applied  axial  load. 

the  laminate  mid-plane  lateral  displacement. 

thickness  of  a  given  lamina. 
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A. 


INTRODUCTION 


The  application  of  fibrous  composites  to  various 
space  and  aircraft  vehicles  has  opened  up  a  whole  new 
area  of  analysis  and  design  technology.  The  material 
system  is  generally  anisotropic  and  quasi-homogeneous  in 
make-up.  These  materials  offer  significant  advantages 
over  the  more  conventional  metallic  materials  in  common 
use.  Namely,  they  offer  the  advantages  of  a  high 
strength- to-weight  ratio,  a  system  flexible  enough  to 
give  one  the  elastic  properties  he  desires  for  given 
loadings  and  orientation  and  increased  structural  effi¬ 
ciency  in  the  design  of  a  specific  item. 

With  the  increased  use  of  these  filamentary 
material  systems  structural  theories  relating  to  homo¬ 
geneous,  isotropic  materials  must  and  in  some  instances 
have  been  modified  to  account  for  the  anisotropic  nature 
of  these  materials.  However,  due  to  the  large  ratio  of 
the  in-plane  elastic  moduli  to  the  shear  modulus  the  ef-? 
fects  of  transverse  shear  and  normal  strain  have  in  nu¬ 
merous  instances  proven  to  be  important  in  obtaining  a 
good  analytical  result  vs .  experimental  works . 

The  work  I  have  performed  and  am  reporting  on  in 
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this  manuscript  will  concern  itself  with  filamentary 
composites  composed  of  fibers  embedded  in  a  matrix  sup¬ 
porting  system.  The  primary  load  path  is  along  the  di¬ 
rection  of  the  fibers  while  the  matrix  acts  to  carry 
shear  loads  and  constrain  the  fibers  to  a  specific 
orientation  once  the  system  is  cured.  In  general  a 
structural  part  is  composed  of  several  plies  or  lamina 
and  it  is  the  orientation  of  these  plies  with  respect 
to  each  other  that  gives  one  the  desired  elastic  prop¬ 
erties  in  a  specific  direction.  If  the  laminate — sev¬ 
eral  lamina — has  three  mutually  perpendicular  planes  of 
material  property  symmetry ,  one  has  a  specially  ortho¬ 
tropic  material  system  with  nine  independent  elastic 
constants.  It  is  this  type  system  I  will  consider 
throughout  this  work. 

At  present  the  biggest  drawback  to  the  wide¬ 
spread  use  of  composite  material  systems  is  the  predict¬ 
able  joining  of  one  part  to  another.  Theoretically,  one 
could  rivet,  bolt  or  bond  two  parts  together  to  with¬ 
stand  static  and  fatigue  loads.  However,  presently  it 
is  the  failure  of  technology  to  establish  an  accurate, 
reliable  analysis  for  joining  components  together  under 
"real-life"  loading  conditions  by  any  of  the  above 
methods  which  has  impeded  the  widespread  use  of  compos¬ 
ite  material  systems. 


The  objective  of  this  work  is  to  develop  an  ade- 
quate  and  a  satisfactory  method  of  static  and  fatigue 
analysis  and  design  of  a  single  lap  joint  involving  com¬ 
posite  material  adherends.  The  anisotropic  properties 
of  the  adherends  ply  orientation/  adhesive  thickness, 
lap  length  and  the  mechanical  properties  of  the  adhe¬ 
sive  as  they  exist  in  the  lap  joint  will  be  studied  for 
their  respective  effects  on  the  response  of  the  lap 
joint  to  static  and  dynamic  loads. 

More  specifically,  it  is  proposed  to  investigate 
fatigue  strength  trends  and  failure  modes  for  the  lap 
joint  involving  a  study  of  the  response  of  the  joint  as 
the  adhesive  is  loaded  above  and  below  its  proportional 
limit  stress.  This  will  be  done  while  employing  certain 
significant  joint  parametric  variations  under  ambient 
temperature  and  humidity  conditions. 

To  accomplish  this  goal  the  study  has  embodied 
the  following: 

1.  Static  and  ultrasonic  mechanical  property 
tests 

2.  Static  strength  tests  of  single  lap  joints 

3.  Constant  amplitude  fatigue  tests  of  single 
lap  joints 


4.  Tests  involving  programed  variations  in  the 
constant  amplitude  loading  spectrum  to  iso¬ 
late  the  damage  characteristics  of  certain 
variations  in  the  fatigue  loading  spectrum. 
These  variations  would  introduce  stresses 
both  above  and  below  the  proportional  limit 
stress  of  the  adhesive. 

5.  Development  of  a  closed  form  solution  which 
substantiates  the  test  results  of  item  2. 

6.  Development  of  a  semi-empirical  approach  to 
the  data  obtained  in  items  3  and  4. 

7.  Reduction  of  the  results  to  guidelines  for 
simple  analytical  and  design  procedures  for 
lap  joints  in  fatigue. 

8.  Screening  tests  using  a  PRD49  material  sys¬ 
tem  to  view  the  possibility  of  extending  the 
information  found  during  the  glass  testing 
to  this  new  material  system. 


B. 


REVIEW  OF  LITERATURE 


Fatigue  of  metallic  and  non-metallic  materials 
has  been  a  constant  source  of  challenge  and  concern  for 
the  researcher  and  practicing  engineer  for  many  years. 

A  multitude  of  fatigue  damage  theories  have  been  pro¬ 
posed,  none  of  which  have  been  consistently  reliable. 

In  general  the  approach  to  a  fatigue  damage  theory  has 
been  as  given  in  References  1  and  3. 

1.  For  each  cycle  of  load  x(t)  a  response 
y(t)  of  the  structure  is  measured.  It  is 
assumed  that  this  y(t)  inflicts  an  incre¬ 
ment  of  damage  to  the  structure  which  de¬ 
pends  on  the  peak  amplititde  of  the  response. 
Failure  will  occur  when  the  accumulated  total 
damage  equals  100  per  cent. 

2.  It  has  been  further  hypothesized  that  under 
a  given  load — response  history,  a  given 
structure  sees  many  small  dislocations  and 
localized  plastic  deformations.  Microscopic 
cracks  begin  and  grow  with  each  load  cycle. 
Eventually  one  of  the  cycles  causes  rapid 
crack  growth  and  rupture  of  the  structure 


occurs . 


-  6  - 


In  most  approaches  to  establishing  a  fatigue 
damage  theory  and  correlating  it  with  test  results/  a 
constant  amplitude  alternating  stress  about  a  given 
mean  stress  is  prescribed.  However,  this  is  a  very 
special  load  history  and  in  most  cases  far  from  reality 
for  use  in  the  design  of  an  actual  structure.  A  much 
more  realistic  fatigue  response  by  a  given  material  can 
be  obtained  by  a  random  loading  approach.  Under  such 
an  approach  a  continually  varying  alternating  stress 
amplitude  is  used  which  assumes  each  cycle  dc.es  an 
amount  of  damage  in  proportion  to  the  peak  amplitude  of 
the  excursion.  Again  failure  is  hypothesized  to  occur 
when  the  accumulated  damage  equals  100%.  Such  a  proce¬ 
dure  has  been  used  with  metal  structure  subjected  to 
certain  load  spectra  (i.e.  a  ground-air-ground  load 
spectrum  for  an  aircraft) .  However,  the  Palmgren/Miner 
hypothesis  gave  accumulated  total  damage  predictions 
both  greater  than  and  less  than  100%,  dependent  on  which 
test  results  in  the  literature  were  observed.  Very  lit¬ 
tle  work  using  other  than  constant  amplitude  alternating 
stresses  has  been  done  in  composites . 

A  summary  of  the  work  done  in  fatigue  is  found 
in  References  6  to  19. 


Some  of  the  parameters  which  were  studied  for 
their  effect  on  the  fatigue  properties  of  composites 
were : 

1.  moisture  and  temperature 

2 .  resin  content 

3.  mean  stress 

4.  angle  of  load  to  the  material  principal  axes 

5.  ply  stacking  sequence 

6.  notch  effects 

7.  effect  of  high  amplitude-low  cycle  and  low 
amplitude-high  cycle  load 

8.  effect  of  cross-ply  mixed  with  uni-ply  to 
form  a  complex  laminate 

9.  effect  of  shear  loading 

10.  effect  of  loading  the  matrix  beyond  its 
elastic  range  (i.e.  .2%  offset) 

11.  effect  of  matrix  porosity 

12.  hysteresis  of  the  load  cycle 

13.  complex  load  history. 

Many  of  these  parameters  have  been  investigated 
for  glass  cloth  and  uni-glass  materials  while  a  minimal 
amount  of  work  has  been  generated  to  establish  the  fa¬ 
tigue  characteristics  of  boron  or  carbon  composites. 


SUMMARY 


Some  tentative  conclusions  to  be  drawn  from  the 
preceding  References  as  concerns  glass  uni-directional 
material  are: 

1.  Axial  fatigue  strength  decreases  with  in¬ 
creasing  moisture  and/or  temperature,  espe¬ 
cially  for  a  porous  matrix. 

2.  Compression  fatigue  is  a  realistic  damage 
criterion. 

3.  Resin  content  has  a  nominal  effect  on  the 
axial  fatigue  strength  of  glass-epoxy  sys¬ 
tems  . 

4.  As  the  mean  stress  level  increases  the  allow¬ 
able  alternating  stress  decreases  for  a  given 
number  of  cycles. 

5.  A  +  5%  angle  ply  laminate  exhibits  superior 
fatigue  strength  for  glass-epoxy  systems . 

6.  The  ply  stacking  sequence  effects  the  S-N 
curve  shape. 

7.  The  fatigue  strength  is  most  notch  sensitive 
when  load  is  applied  parallel  to  the  fibers . 

8.  High  initial  cyclic  loading  especially  beyond 
the  proportional  limit  stress  of  the  matrix 
causes  damage  and  premature  failure  of  the 


component . 

9c  Miner's  Rule  has  proven  unreliable  in  predict¬ 
ing  the  life  of  components  under  constant- 
amplitude  loading. 

10.  Hysteresis  effects  due  to  rapid  cycling  of 
the  load  can  degrade  glass  fatigue  proper¬ 
ties. 

11c  Knowledge  concerning  the  response  of  com¬ 
posite  material  systems  to  a  random  type 
load  is  lacking  both  theoretically  and  ex¬ 
perimentally  . 


ttj  Wtirif ‘ftln -  V- 


c.  COMPOSITE  TO  COMPOS  HE  AND  COMPOSITE  TO  METAL 

BONDED  JOINTS 

1.  Static  Loading  Characteristics  -  The  purpose 
of  a  joint  is  usually  to  join  several  discrete  parts  in¬ 
to  a  complete  load  carrying  structure.  There  are  basi¬ 
cally  three  methods  utilized  by  a  joint  in  transferring 
load.  These  are  shear,  tension  (compression)  and  bend¬ 
ing.  There  are  two  basic  categories  of  joints,  namely 
bonded  joints  or  mechanically  fastened  joints.  It  is 
the  intent  here  to  pursue  the  relevant  facts  of  bonded 
joints  only. 

To  evaluate  objectively  the  response  of  bonded 
joints  under  a  system  of  loads  one  must  have  an  appre¬ 
ciation  for  the  rheology  of  the  hardened  adhesive  layer 
of  the  manufactured  joint.  DeBruyne  (Ref.  24)  gives  a 
concise  and  meaningful  presentation  on  this  subject. 
Summarily  he  states  that  an  adhesive  substance  shows 
greater  tensile  and  shear  properties  in  the  joint  vs. 
those  it  possesses  in  a  bulk  quantity.  Also,  for  thin¬ 
ner  adhesives  (i.e.  80  microns  or  less)  the  strength  of 
the  joint  is  inversely  proportional  to  its  thickness, 
while  for  thick  adhesive  joints  (i.e.  thicker  than  80 
microns)  no  appreciable  thickness- to-strength  relation 
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is  evident.  DeBruyne  hypothesizes  that  part  of  the 
reason  for  this  phenomenon  is  that  as  the  thickness 
of  the  adhesive  increases  the  probability  of  flaws  in 
the  adhesive  increases.  Moreover,  tangential  stresses 
in  the  adhesive  increase  as  thickness  increases  espe¬ 
cially  for  a  non-yieiding  adhesive.  These  are  due  to 
adhesive  shrinkage  or  swelling  brought  on  by  a  response 
of  the  adhesive  to  its  environment  or  the  difference  in 
thermal  expansion  between  the  adhesive  and  the  adherend 
material.  Thus  the  negating  effects  of  a  thick  adhesive 
overcome  its  intended  bei.  efit. 

DeBruyne  also  points  out  the  relative  merits  of 
various  type  adhesives  as  evaluated  by  numerous  re¬ 
searchers.  It  is  believed  that  a  highly  viscous  adhe¬ 
sive  is  desirable  for  deformable  adherends.  Such  adhe¬ 
sives  are  forgiving  and  as  tangential  stresses  build  up 
they  can  negate  such  stress  raisers  by  flowing.  However, 
for  structures  under  continuous  loadinj  permanent  defor¬ 
mation  may  occur  and  be  untenable.  Also  in  temperature 
extremes  viscous  adhesives  in  general  perform  poorly. 

Highly  elastic  adhesives  of  moderate  breaking 
strength  have  the  advantage  of  being  stable  under  pro¬ 
longed  loads  below  certain  levels.  This  in  turn  re¬ 
lieves  borderline  stress  raisers  and  makes  the  joint 
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more  suitable  under  a  random  type  load. 

In  general  a  more  efficient  joint  exists  if  the 
elastic  modulus  of  the  adhesive  is  less  than  the  elas¬ 
tic  modulus  of  the  adherend. 

Tiezzi  and  Doyle  (Ref.  56)  have  also  looked  at 
adhesives,  particularly  in  a  lap  joint  involving  their 
response  under  various  loadings.  Also,  Tetelman  (Ref. 
50)  has  looked  at  the  fracture  process  of  both  the  ad¬ 
hesive  and  fibers  which  compose  a  composite  material 
system. 

Lehman  et.  al. (Ref  22)  in  an  extensive  study  of 
bonded  joints  using  metal  (titanium,  aluminum  and  steel) 
boron  and  S-994  glass  adherends  in  various  joint  con¬ 
figurations  with  Shell  951  adhesive  established  the  most 
important  bonded  joint  parameters.  These  were  (1)  the 
strength  and  stiffness  properties  of  the  adhesive,  (2) 
lap  length,  (3)  adherend  thickness  and  (4)  fiber  orien¬ 
tation  adjacent  to  the  adhesives.  Kutscha  in  (Ref.  30) 
substantiated  this.  However,  in  (Ref.  42)  test  results 
of  a  Narmco  5505  adherend  and  MB  329  adhesive  system 
showed  no  significant  effect  on  the  ultimate  load  ca¬ 
pacity  of  the  joint  by  adjusting  the  orientation  of  the 
ply  adjacent  to  the  bond  surface.  Hawley  and  Ashizawa 


(Ref.  35)  in  work  related  to  (Ref.  22)  and  the  two 
basic  adherend  patterns  used  (0°/+  45°/0°  and  +  45°/0°/ 
-45°)  predicted  failure  in  the  adhesive  for  the  0°  ply 
next  to  the  bond  while  anticipating  a  resin  failure  of 
the  adherend  when  the  45°  ply  was  adjacent  to  the  adhe¬ 
sive  for  the  double  lap  joint.  This  is  primarily  the 
result  of  the  difference  in  shear  stress  distribution 
in  the  resin  for  the  two  patterns  analyzed.  A  similar 
result  indicating  earlier  damage  for  angle  ply  vs.  uni- 
ply  once  its  proportional  limit  was  exceeded  (the  pro¬ 
portional  limit  is  usually  lower  for  angle  ply  laminates) 
was  observed  by  McGarry  (Ref.  38)  for  E~glass/epoxy  in 
a  balanced  0°/90°  laminate  and  by  Waddoups  (Ref.  39)  for 
a  0°/90°  Boron  reinforced  composite. 

Numerous  trends  have  been  observed  in  the  litera¬ 
ture  (Refs.  22  and  46)  which  show  that  composite  single 
lap  joints  usually  fail  under  static  load  in  any  one  of 
five  possible  modes  depending  on  the  length  of  overlap 
to  thickness  of  adherend  ratio  (L/t) .  For  an  (L/t)  = 

12.5  failure  usually  occurred  by  (1)  cohesive  failure  of 
the  adhesive  or  (2)  adhesive  failure  of  the  resin-adhe¬ 
sive  interface  or  (3)  adhesive  failure  at  resin-fiber 
interface  at  the  first  layer  of  the  lamina.  Moreover, 
interlaminar  shear  failure  in  the  adherend  occurred  for 
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an  (Jj/t)  =  25  while  if  L/t  =  50  then  the  adherends  failed 
in  tension  (compression) .  References  22  and  36  specify 
that  for  isotropic  elastic  adherends  and  adhesives,  lap 
joints  are  theoretically  stronger  for  (1)  short  overlap, 

(2)  a  thick  adhesive  layer  (Ref. 22  found  that  a  relatively 
thick  adhesive  had  a  negligible  effect  on  the  ultimate 
strength  of  a  composite  double  lap  joint) ,  (3)  low  adhesive/ 
adherend  stiffness  ratio.  Item  (3)  most  probably  results 
from  the  increased  ductility  of  low  modulus  adhesives  which 
tend  to  be  more  forgiving  of  the  strain  incompatibility 
between  the  adherend  and  the  adhesive  especially  in  a 
single  lap  joint.  Also,  the  more  ductile  adhesives  will 
yield  and  thus  better  cope  with  the  stress  concentration 
before  failing. 

Moreover,  it  has  been  found  in  most  of  the  litera¬ 
ture,  especially  References  22  and  34,  that  rhe  strongest 
bonded  joints  (single  and  double  lap)  occur  when  the  ex- 
tens  ional  stiffness  of  the  adherends  is  equal.  Discrete 
element  analysis  has  verified  this  by  showing  that  the 
peak  stress  at  each  end  of  the  joint  is  at  a  minimum  when 
this  is  true.  In  addition  bonded  joints  with  lap  lengths 
in  excess  of  approximately  one  inch  are  less  efficient 
since  the  stress  distribution  in  the  joint  shows  that  little 
load  is  transferred  in  the  midportion  of  the  joint. 


Kutscha  and  Hofer  (Ref.  44)  specify  that  in  thick 
adherends  the  load  transfer  to  the  joint  occurs  in  the 
first  3  or  4  layers  adjacent  to  the  adhesive  before  shear 
failure  occurs  in  the  laminate  (usually  a  cross-ply  lam¬ 
ina)  while  for  very  thin  laminates  the  ultimate  strength 
of  the  adherend  in  tension  (compression)  is  achieved. 

Thus  for  an  efficient  joint  whereby  the  adherend  and  ad¬ 
hesive  are  loaded  efficiently,  proper  selection  of  the 
(L/t)  ratio  for  the  load  to  be  carried  is  important  for 
a  minimum  weight  design.  Reference  43  studied  the  ef¬ 
fects  of  outside  adherend  taper  on  single  lap  joints  and 
found  it  to  be  an  insignificant  variable.  However,  an 
inside  adhesive  taper  which  increased  adhesive  thickness 
at  the  ends  of  the  joint  in  the  region  of  high  stress 
concentration  factors  does  have  a  significant  effect. 
Basically  it  reduces  the  stress  level  at  the  end  of  the 
joint  by  the  addition  of  this  extra  adhesive  locally. 

Such  a  joint  look  especially  promising  as  a  good  fatigue 
joint  as  it  has  been  observed  that  exceeding  the  pro¬ 
portional  limit  stress  of  the  adhesive  in  fatigue 
(static  loading  to  a  lesser  degree)  leads  to  rapid  de¬ 
terioration  of  the  joint. 

Additional  problem  areas  which  may  influence  the 
reliability  of  predicting  the  allowable  strength  of  full 
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scale  bonded  joints  (Ref.  22)  are  the  residual  thermal 
stresses  induced  if  the  adherend  and  the  adhesive  have 
widely  different  coefficients  of  thermal  expansion. 

Also  Refs.  22  and  37  state  that  the  results  of  one  inch 
wide  lap  joint  test  specimens  may  yield  data  (25-30%) 
in  excess  of  that  obtained  from  wider  specimens.  In 
addition  Refs.  22  and  ^6  found  bonded  joints  to  be 
weight-efficient  vs.  bolted  joints  and  recommended  them 
for  all  permanent  joint  applications  while  composite-to- 
composite  joints  can  give  comparable  strength  vs.  com- 
posite-to-metal  joints. 

A  number  of  individuals  have  developed  analytical 
techniques  to  determine  the  load  and  stress  distribution 
in  isotropic  adhesive  bonded  joints.  The  '“classic"  work 
in  the  field  is  that  by  Goland  and  Reissner  for  single 
lap  joints  while  the  work  of  Cornell,  Volkersen,  Szepe, 
Sherrer,  DeBruyne,  Hahn  and  Fouser,  Goodwin,  Erdogan, 
Ratwani,  Korbacher,  Pahoja  and  Niskanen  have  made  sig¬ 
nificant  contributions  to  the  "state  of  the  art". 

The  basic  approach  to  analyzing  adhesive  joints 
has  been  to  idealize  the  joint  in  terms  of  a  mathemati¬ 
cal  model  whereby  the  material  properties  and  joint 
geometry  are  related  to  the  applied  loads  resulting  in 
a  higher  order  differential  equation  which  is  solved  to 


determine  the  stress  distribution  in  the  joint  which  in 
turn  must  result  in  physically  realistic  distributions. 
References  21,  22,  23,  24,  25,  27,  28,  30,  34,  53,  and 
54  have  for  the  most  part  the  following  assumptions  in 
their  analysis:  (1)  all  elements  are  linearly  elastic, 
(2)  the  stress  is  uniform  across  the  width  of  the  lap 
(usually  assumed  one  inch  wide)  and  through  the  thick¬ 
ness  of  the  adhesive,  (3)  the  adherends  behave  as  plates 

(4)  the  adhesive  is  adequately  bonded  to  the  adherend, 

(5)  adhesive  properties  are  uniform  throughout  the 
joint,  (6)  the  adhesive  is  in  a  state  of  plane  stress 
or  plane  strain,  (7)  linear  small  deflection  theory  is 
valid.  Moreover,  as  pointed  out  by  Goland  and  Reissner 
(Ref.  23) ,  dependent  on  the  relative  magnitude  of  the 
physical  properties  of  the  adhesive  vs.  the  adherend  the 
adhesive  at  times  can  be  neglected  in  the  analysis. 

Also,  in  double  lap  joints  bending  effects  on  the  joint' 
capacity  are  usually  neglected.  However,  with  the  duc¬ 
tile  adhesives  and  resins  in  use  today  exhibiting  non¬ 
linear  behavior  (plasticity)  at  relatively  low  percent¬ 
ages  of  their  ultimate  strength  and  the  anisotropic 
nature  of  composite  materials  adding  further  complexi¬ 
ties,  the  traditional  analytical  techniques  available 
have  become  less  reliable.  A  realistic  approach  to 
this  problem  has  been  advanced  in  Refs.  22  and  41, 
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among  others  by  using  linear  ana  nonlinear  (plasticity) 
discrete  element  analysis  of  the  joint.  The  results  in 
general  have  given  good  test-theory  correlation  for 
bonded  composite  and  compos ite-to-metal  joints  while  the 
analysis  of  Volkersen  and  Goland  and  Reissner  have  pre¬ 
dicted  results  approximately  twice  that  of  the  discrete 
element  analysis.  This  discrepancy  is  partly  the  result 
of  the  composite  material  adhesive  joints  exhibiting 
lower  stress  concentration  factors  experimentally  than 
predicted  by  theoretical  methodology. 


Several  analytical  methods  will  be  enlarged  upon. 
In  1944  Goland  and  Reissner  (Ref.  23)  determined  the 

stresses  in  a  single  lap  joint  for  a  relatively  inflexi- 

.  .  ...  ,  thickness  adherend 

ble  cement  layer  <eiastic  modSus  adherend  » 

.  thickness  adhesive 

elastic  modulus  adhesive  J 

ignored  and  for  a  relatively  flexible  cement  layer  where¬ 
by  the  properties  of  the  cement  are  taken  into  account 
in  the  analysis.  He  assumed  the  joint  acted  as  a  cylin- 
drically  bent  plate  of  variable  cross  section  and  neu¬ 
tral  plane. 


In  a  1953  article  Cornell  (Ref.  25)  used  a  brit¬ 
tle  lacquer  and  photoelastic  stress  analysis  to  experi¬ 
mentally  verify  his  analytical  formulation  of  a  single 
lap  brazed  joint  in  terms  of  a  10th  order  differential 
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equation.  In  general  he  found  the  brazed  stress  distri¬ 
bution  became  more  uniform  as  the  braze  modulus  decreased 
and  the  braze  thickness  increased.  In  1962  Hahn  and 
Fouser  (Ref.  28)  analyzed  the  bending  of  the  adherends 
(ignoring  the  adhesive)  in  a  lap  joint  assuming  they  act 
as  cylindrically  bent  plates  (analogous  to  the  Goland 
and  Reissner  solution) .  The  second  part  of  the  article 
considered  the  differential  straining  in  a  double  lap 
joint  (bending  neglected)  and  determined  the  shear  stress 
distribution  in  the  adhesive. 

Goodwin  (Ref.  29)  studied  brazed  joints  in  sand¬ 
wich  panels  using  a  theory-test  correlation  approach. 

He  studied  the  effect  of  ten  parameters  (i.e.  ratio  of 
the  elastic  modulus  of  the  braze  to  the  adherend,  ratio 
of  braze  thickness  to  sheet  thickness)  on  the  static, 
fatigue  and  creep  strength  of  the  joint.  Most,  import¬ 
ant,  he  developed  an  analysis  method,  which  included 
plcistic  effects  and  produced  results  in  good  agreement 
with  his  static  and  fatigue  test  results. 

2.  Fatigue  Loading  Characteristics  -  The  inherent  na¬ 
ture  of  composite  materials  makes  bonded  joints  much  more 
efficient  than  mechanical  fasteners  for  transferring  loads 
between  components.  Moreover,  composite  materials  appli- 
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cation  to  space  vehicles,  aircraft,  etc.  complicates  the 
problem  by  introducing  a  random  loading  spectrum  to  such 
joints  during  their  service  life.  These  loads  are  pri¬ 
marily  the  result  of  aerodynamic  and  inertial  effects. 

To  date  the  few  isolated  studies  of  compos ite- 
to-composite  or  composite-to-metal  adherend  bonded  joints 
have  been  conducted  under  constant-amplitude  cyclic  load¬ 
ing,  while  no  generally  accepted  cumulative  damage  iheor- 
ies  have  evolved.  Lehman  et  al.  in  (Ref.  22)  have  per¬ 
formed  fatigue  testing  of  single  lap,  double  lap  and 
scarf  joints  with  the  variables  being  lap  length  and 
lamina  orientation.  (A  similar  series  of  tests  are 
presently  being  conducted  by  the  Lockheed-Georgia  Com¬ 
pany.)  Results  in  general  showed  failure  was  in  the 
adhesive  or  in  the  resin  adjacent  to  the  adhesive. 

From  these  results  and  the  observations  made  by 
Grimes  in  (Ref.  49)  it  has  been  hypothesized  that  if 
you  exceed  the  proportional  limit  stress  of  the  adhe¬ 
sive  or  resin  in  the  high  stress  concentration  areas  of 
the  joint,  micromechanical  cracking  occurs  which  effec¬ 
tively  alters  the  joint  geometry  and  accelerates  failure 
of  the  joint.  Moreover,  reference  is  made  to  observa¬ 
tions  using  microscopic  photography  of  these  cracks 
occurring  once  the  proportional  limit  stress  of  the 
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adhesive  was  exceeded.  In  addition,  fatigue  testing  re¬ 
ported  in  Ref.  22  showed  no  failures  in  testing  to  10  ^ 
cycles  when  the  maximum  shear  stress  of  the  adhesive  did 
not  exceed  its  proportional  limit. 

Realizing  that  the  magnitude  of  the  stress  con¬ 
centration  factor  is  the  limiting  factor  in  joint 
strength  in  many  instances,  several  studies  were  con¬ 
ducted  on  the  sensitivity  of  the  adhesive  joint  to  the 
magnitude  of  the  stress  concentration  factor.  Ref.  34 
cites  an  analytical  study  of  single  and  double  lap  joints 
which  found  the  fatigue  strength  of  the  joint  to  be  more 
sensitive  to  stress  concentration  factors  than  for  static 
loading.  In  turn,  they  believed  the  most  efficient  way 
to  lower  the  magnitude  of  the  stress  concentration  factor 
was  to  increase  the  adhesive  thickness.  In  addition, 

Ref.  22  cites  that  one  may  possibly  improve  the  adhe¬ 
sive's  fatigue  capability  by  using  more  ductile  adhe¬ 
sives  or  by  local  adhesive  thickness  increases  in  the 
areas  of  peak  stress. 

Several  inroads  into  the  analytical  prediction 
of  fatigue  failure  of  bonded  joints  under  constant- 
amplitude  loading  have  been  advanced.  In  Ref.  22  the 
results  of  fatigue  tests  of  boron  and  glass  bonded 
joints  using  fatigue  loads  of  60-80  percent  of  ultimate 


showed  that  a  peak  shear  stress  concept  could  be  used  to 
evaluate  the  fatigue  life  of  the  joint  for  an  adhesive 
failure  using  a  linear  discrete  element  approach. 

In  addition,  Wang  (Ref.  20)  in  1964  investigated 
the  fatigue  strength  of  adhesive  bonded  joints  using 
aluminum  adherends  and  in  particular  studying  the  effects 
of  adherend  and  adhesive  mechanical  properties  and  joint 
geometry  (lap  vs.  scarf  vs.  butt)  under  constant  ampli¬ 
tude  loading.  He  found  that  Ketalbond  4021,  a  highly 
ductile  adhesive  performed  superior  to  FM-47  a  more 
brittle  adhesive  even  though  FM-47  had  a  higher  ulti¬ 
mate  strength.  It  was  felt  the  more  ductile  adhesive 
exhibited  a  more  uniform  shear  stress  in  the  joint  re¬ 
sulting  in  a  longer  life  joint.  Qualitatively  the  equa¬ 
tions  of  Reissner  verified  this  result. 

nh  1966  Szepe  (Ref.  21)  used  a  semi-empirical 
approach  to  determine  the  stress  distribution  in  a 
bonded  double  lap  joint  in  terms  of  two  constants. 

These  were  the  adhesive  spring  constant  (c)  and  the 
adhesive  average  ultimate  shear  strength  as  the  length 
of  overlap  approached  zero  (tq) .  He  also  established 
that  (c)  and  (xQ)  decreased  in  magnitude  with  increas¬ 
ing  temperature  resulting  in  a  similar  decrease  in  joint 
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strength. 

Moreover  he  extended  his  semi-empirical  equations 
for  bonded  joints  to  include  constant-amplitude  loadings. 
He  established  that  (tq)  decreased  in  magnitude  with  num¬ 
ber  of  cycles  while  (c)  remained  approximately  constant 
in  the  elastic  range.  From  these  results  he  was  able  to 
determine  the  characteristic  S-N  curve  shape  for  a  given 
length  of  overlap.  Also,  he  was  able  to  determine  the 
fatigue  strength  of  joints  at  other  overlap  lengths  for 
any  number  of  cycles  (N)  once  he  had  the  fatigue  strength 
of  the  new  joint  at  a  given  number  of  cycles  by  using 
these  constants  in  a  proportionality  relationship. 

It  is  felt  by  the  author  that  a  further  analysis 
of  this  work  might  relate  these  constants  (t  and  c) 
to  the  viscoelastic  shift  factors  of  such  type  materials 
for  temperature,  nonuniform  loading  and  stress  levels  as 
exemplified  by  Halpin  and  Polley  in  (Ref.  32) . 


SUMMARY : 

Some  tentative  conclusions  to  be  drawn  from  the 
preceding  discussion  as  concerns  composite  bonded  joints 
are: 


1.  A  significant  joint  parameter  is  the  pro- 
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portional  limit  stress  of  the  adhesive. 

2.  Thick  adhesive  joints  are  not  stronger  than 
thin,  adhesive  joints  for  similar  adherends. 

3.  Composite  bonded  joints  do  not  necessarily 
respond  under  load  as  isotropic  and  elastic 
material  joints. 

4.  The  strongest  bonded  joints  occur  (statically) 
when  the  extensional  stiffness  of  the  adher¬ 
ends  are  equal. 

5.  The  static  and  fatigue  strength  of  a  bonded 
joint  may  be  improved  by  increasing  the  lo¬ 
cal  adhesive  thickness  at  the  ends  of  the 
joint. 

6.  In  fatigue  joints  appear  to  be  more  sensi¬ 
tive  to  stress  concentrations  than  they  are 
under  static  loading. 

7.  The  resin  shear  strength  of  che  lamina  adds 
a  new  parameter  to  joint  analysis. 

8.  A  ductile  low  modulus  adhesive  seems  to  be 
most  desirable. 

9.  The  visco-elastic  response  of  the  adhesive  is 
important  in  the  fatigue  strength  of  the  joint 
and  should  be  accounted  for  in  any  analysis. 

10.  Knowledge  of  the  response  of  composite  bonded 
joints  to  a  random  type  load  is  lacking  both 


D. 


PROPOSED  RESEARCH  PROGRAM 


It  is  seen  from  reviewing  the  enclosed  reference 
list  that  only  eighteen  in-depth  articles  were  found 
which  have  been  concerned  with  adhesive  bonded  composite 
joints  under  static  loads.  Moreover,  only  three  articles 
are  concerned  with  constant-amplitude  fatigue  loading  of 
this  type  joint,  while  no  articles  have  yet  been  found 
concerning  the  fatigue  aspects  of  bonded  joints  subjected 
to  random  loading. 

From  the  scarcity  of  articles  on  fatigue  loading 
of  bonded  composite  adherend  joints  it  is  obvious  that: 

1.  Only  initial  attempts  to  analyze  and  experi¬ 
mentally  to  verify  the  fatigue  loading  re¬ 
sponse  of  adhesive  bonded  composite  joints 
has  been  undertaken. 

2.  A  methodology  for  a  random  type  loading  of 
bonded  composite  joints  is  lacking  as  is  a 
methodology  to  account  for  the  fatigue  phe¬ 
nomena  under  such  loads. 

3.  Experimental  response  data  of  bonded  com¬ 
posite  joints  under  random  type  loading  is 

i 

absent. 
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4.  No  simple  analytical  or  design  procedure  for 
fatigue  of  bonded  composite  joints  under  real 
life  loading  conditions  exist. 

Thus,  this  research  program  will  attempt  to  pro¬ 
vide  initial  information  to  enlighten  us  in  the  four 
areas  mentioned  above  as  concerns  the  lap  joint. 

The  research  program  will  be  conducted  at  ambient 
temperature  humidity  conditions.  It  will  include: 

1.  Continued  literature  survey. 

2.  Design  of  the  bonded  lap  joint. 

a.  Selection  of  the  resin  and  adhesive  sys¬ 
tems  to  be  employed  accounting  for: 

(1)  Temperature  and  pressure  requirements 
of  the  cure  cycle. 

(2)  The  ductility  of  the  resin  and/or  ad¬ 
hesive. 

(3)  Thermal  expansion  coefficients  of  the 
adhesive  and  adherend  to  insure  com¬ 
patibility  . 

b.  Conduct  material  properties  tests  in¬ 
cluding  those  of  the  adherend  material 
and  the  adhesive  properties  as  they  exist 
in  the  joint  configuration,  using  the  ap- 


propriate  specifications . 

c.  Establish  the  lap  joint  geometry  -  this 
includes  selection  of  laminate  patterns, 
length-to-thickness  ratios,  adherend 
thickness,  adhesive  thicknesses  and  the 
extensional  stiffnesses  of  the  adherends. 

d.  Development  of  the  necessary  static  and 
dynamic  methods  of  analysis. 

Static  testing  of  the  joints  and  correlation 
with  theory.  This  would  include  determina¬ 
tion  of  the  number  of  tests  needed  to  acquire 
reliable  results  and  a  statistical  analysis 
of  these  data  points. 

Fatigue  loading  program: 

a.  To  study  the  effects  of  exceeding  the 

proportional  limit  stress  of  the  adhesive 
and/or  resin  system,  as  evidence  in  the 
literature  indicates  that  this  is  of  sig¬ 
nificant  importance  on  the  life  of  the 
joint  under  certain  fatigue  loads.  This 
will  be  accomplished  by  determining  the 
proportional  limit  stress  of  the  adhesive 
and  running  constant-amplitude  and  pro¬ 
grammed  variation  fatigue  tests  above  and 
below  the  proportional  limit  stress. 


b.  Correlation  of  the  test  results  vs.  theory 
Presentation  of  results  and  conclusions  includ 
ing  the  relai  ion  of  the  static  characteris¬ 
tics  to  the  fatigue  characteristics  of  the 
material . 


CHAPTER  II 


SOLUTION  OF  THE  PROBLEM  OF  A  SINGLE  LAP  JOINT 
WITH  ANISOTROPIC  ADHERENDS 

A.  INTRODUCTION 

The  objective  of  this  dissertation  is  to  deter¬ 
mine  the  stress  field  in  a  bonded  joint  composed  of 
anisotropic  adherends  and  an  isotropic  adhesive  system. 
The  problem,  originally  solved  by  Reissner  and  Goland 
(Ref.  23)  for  a  completely  isotropic  material  system, 
is  treated  as  two  problems  in  one  within  this  disserta¬ 
tion.  The  problems  to  be  solved  are: 

1.  To  determine  the  load  relations  in  the  aniso¬ 
tropic  adherends.  Then,  using  linear  plate 
theory,  to  determine  the  joint  edge  loads, 

as  needed. 

2.  To  determine  the  normal  and  shear  stresses  in 
the  adhesive  by  solving  an  eighth  order  linear 
ordinary  differential  equation.  The  complete 
solution  of  this  part  of  the  problem  requires 
the  use  of  twenty-six  boundary  conditions. 

The  solution  incorporates  the  effects  of 
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B. 


ANALYSIS  LIMITATIONS 


The  analysis  within  has  assumed  a  laminate, 
structured  such  that  the  bending-stretching  coupling 
matrix  (B^)  is  zero.  This  was  assumed  to  be  a  realis¬ 
tic  limitation  as  in  few  practically  designed  structures 
is  such  coupling  tolerable, 

A  second  limitation  of  the  analysis  involves  the 
stretching-shearing  coupling  introduced  when  the  !,16" 
and  "26'‘  terms  of  the  in-plane  stiffness  matrix  (A^j) 
are  not  equal  to  zero.  A  problem  could  arise  based  on 
the  fact  that  while  assuming  plane  strain  is  valid  a 
check  of  the  strain-stress  relations  on  page  (43)  would 
indicate  that  if  the  A.^  ,  A?^  terms  were  not  zero  a 
strain  e  in  violation  of  the  plane  strain  assumption 
could  be  induced.  The  only  time  this  could  cause  con¬ 
cern  would  be  for  an  adherend  composed  of  an  odd  number 
of  lamina,  few  in  number  (i.e.  +45°/-45°/+45° ) .  In  most 
cases  it  is  summarized  that  the  "A-g"  terms 

would  equal  zero  as  in  the  case  of  0°  and  90°  lamina  and 
for  adherends  where  for  every  lamina  of  a  plus  (0)  ori¬ 
entation  one  has  another  lamina  of  the  same  orthotropic 
properties  and  thickness  in  the  negative  (0)  direction. 
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^  Moreover,  if  this  is  not  the  case  but  an  adherend  is 

composed  of  six  plys  or  more  the  coupling  effect  will 
;  I  usually  be  minimal.  For  the  45°/0°/-45 °/0°  ply  orienta¬ 
te  »  tl0n  Pattern  used  in  this  report  a  secondary  effect  is 

1  1  evident. 


f  I 
i 
I 
i 
I 
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FORMULATION  OF  THE  PROBLEM 


Given  two  rectangular  sheets  of  anisotropic  mat 


rial;  sheet  one  has  length  (L^  +  L2)  and  thickness 
(h,)  ,  sheet  two  has  length  (L2  +  L^)  and  thickness 
(h2)  .  The  thickness  of  the  adhesive  (rj)  is  small 
compared  to  (h^)  and  (h2)  •  The  far  ends  of  the 
sheet  are  clamped  and  are  loaded  in  tension  by  a  force 
of  (T)  lbs/unit  width  (Figure  1) . 


Tcose 


SHEET  I 


SHEET  2 


FIGURE  (2-1) 
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DETERMINATION  OF  THE  MOMENT,  SHEAR  AMD  AXIAL 


LOAD  RELATIONS  OF  THE  ADHERENDS 


Assumptions : 

1.  Plane  strain  exists  (i.e.  variations  in  in¬ 
direction  are  neglected) 

2.  The  material  system  has  (3)  planes  of  elas¬ 
tic  symmetry  (i.e.  9  independent  elastic  con¬ 
stants  in  a  three-dimensional  solid) . 

3.  Each  adherend's  lamina  are  layed-up  symmetric 
about  it's  geometrical  mid-plane. 

4.  Effect  of  adhesive  materials  elastic  proper¬ 
ties  are  accounted  for. 

5.  The  transverse  shear  stress  distribution  is 
parabolic  in  the  elastic  range. 

6.  Both  shear  and  normal  stresses  are  accounted 
for  in  the  adhesive. 

7.  The  moment,  shear  and  axial  load  relations 
are  equally  valid  for  material  axes  non-co¬ 
incident  with  the  geometrical  axes  as  they 
are  when  the  axes  are  coincident. 

8 .  Deformation  of  the  sheets  is  due  to  bending 
and  tensile  strains  plus  the  deformation  due 
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n  |M  |  I  kMH . -  -  n  *1  - - - 


to  transverse  shear  and  normal  strain. 


the  sign  convention  detailed  in  Figure  2. 


Material  System  and  Equivalent  Stiffness  Matrix 


z 


The  material  system  is  assumed  to  be  of  an  anisotropic 
nature  with  three  planes  of  elastic  symmetry  (nine  in¬ 
dependent  elastic  constants).  The  K***1  lamina's  prin¬ 
cipal  directions  (1-2  axes)  are  related  to  the  geometri- 
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cal  axes  (x-y)  by  the  angle  (0)  ,  in  Figure  3.  The 
lamina  are  numbered  in  ascending  order  from  the  lower 
to  the  upper  laminate  surface. 

The  constitutive  re7ation  for  the  lamina  is: 


K 

(2.1) 


The  transformation  matrix  relating  the  material 
properties  and/or  the  stresses  and  strains  along  the 
(x-y)  axes  to  those  along  the  (1-2)  axes  by  rotating 
from  the  (x-y)  axes  to  the  (1-2)  axes  a  (+6)  degrees  is: 
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where : 

M  =  cos  0 
N  =  sin  6 

Thus,  the  stress  and  strain  transformation  relations 
are: 


Moreover,  if  one  transforms  the  constitutive  relation 
given  by  equation  (2.1)  through  an  angle  (0),  the  stress- 
strain  relations  along  the  (x-y)  axes  for  the  K 
lamina  are: 


Bll] 


where : 

IQijl  =  1*1 _1  tQ^l  [T]  (2.5) 

J  K  xJv 

In  expanded  form  the  [QT.]  terms  are: 

13  K 

q1]L  =  m2(m2q11+n2q12)  +  n2(m2q12+n2q22)  +  4m2n2q66 

Q12  =  N2(M2Qn+H2Q12)  +  M2(M2Q12+N2Q22)  -  4M2N2Qg6 
°31  =  °13  =  m2q13  +  n2°23 

°14  =  515  =  Q24  =  Q25  =  534  =  535  =  °46  =  ^56  =  0 

Qi6  =  2MN(M2Q1;l+N2Q12)  -  2MN(M2Q12+N2Q22)  -  4MN  (M2-N2)  Qg6 

°21  =  ^12 

^22  =  N2(N2Qn+M2Q12)  +  M2  (N2Q12+M2Q22)  +  4M2N2Qg6 
Q32  =  Q23  =  w2Q13  +  m2q23 

Q2g  =  2MN(N  Q-q+M  Q12)  -  2MN(N  Q12+M2Q22)  +  4MN  (M2-N2)  Qg6 
^33  =  Q33 

Q36  =  2MNQ13  -  2MNQ23 

044  =  m2q44  +  n2q55 

°54  =  °45  =  ‘  ™°44  +  *055 
S55  "  +  h2044  +  m2°55 
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Qgl  =  M2(MI'IQil-MNQ12)  +  N2  (MNQ12-MNQ22)  -  2MN  (242-N2)  Qgg 
Q62  =  N2(MNQi;l-MNQ12)  +  M2(MNQ12-MNQ22)  +  vM2-N2)  Qgg 


Q53  =  (mnq13-hnq23) 


Q66  =  [2MN(MNQ11-MNQ12)  -  2I-0J(MNQ12-MNQ22)  +  2 (M2-N2) 2Qg6] 

(2.6) 

In  a  similar  vein  the  compliance  matrix  (A. 
relates  strain  to  stress  for  the  Kc  lamina  per  equa¬ 
tion  (2.7) 


12J  K 


stants  as: 


A11 

A12 

A13 

0 

0 

A21 

A22 

A23 

0 

0 

A31 

A32 

A33 

0 

0 

0 

0 

0 

A44 

0 

0 

0 

0 

0 

A55 

0 

0 

0 

n 

0 

Aij 

are 

defined 

in  terms 

A11  = 

1 

E11 

A22  = 

1 

E22 

A33  = 

1 

e33 

1 

A44 

2G23 

K 

(2.7) 
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55 

2G13 

66 

1 

-  2G12 

A12  "  A21 


A13  A31  E. 


a  =  A  —  —  _ : 

“23  32  E- 


(2.8) 


is  defined  as  the  negative  of  the  ratio  of 
strain  in  the  j  direction  to  the  strain  in  the  i  di¬ 
rection  due  to  a  stress  in  the  i  direction . and 


tQ^f1-  tA.,J 


(2.9) 


J  K  J  K 

Finally,  the  compliance  matrix  may  be  transformed  from 

the  (1-2)  axes  to  the  (x-y)  axes  through  an  angle  (0)  . 

This  gives  [A. .]  which  in  matrix  notation  is  defined 
13  K 


[A,.]  =  [T]  [A..]  [T] 


(2.10) 


Determination  of  Lamina  Relations  for  Moment, 
Shear  and  Axial  Load 


Assuming  a  state  of  plane  strain  exists  (e  = 

JW  \ 

e  =  e  =  -7t — —  =  0)  the  strain-stress  relations  for 
yz  xy  3  y 

the  K1"*1  lamina  are: 


Miff  nr » i 


'  \ 
ii 
\  f 


K 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
B 
I 
I 
I 
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e 

X 

0 

" 

H11 

*12 

*13 

0 

0 

*16 

% 

*12 

*22 

*23 

0 

0 

*26 

£ 

2 

O 

*31 

*32 

*33 

0 

0 

*36 

5^2 

~ 

I  0 

0 

0 

*44 

*45 

0 

1  e 

xz 

X 

K 

0 

*61 

0 

*62 

0 

*63 

*54 

0 

*55 

0 

0 

*66 

The  equilibrium  equations 


are: 


9  gx  3  Txz 
3x  3  z 


bE5+-!f5 

&x  9z 


=  0 


=  0 


The  strain-displacement  relations  are: 

e  -  3u 
X  dx 


e  = 


e  = 


=  0 


K 


a  1 
x 


yz 


xz 


K 


3v 
3y 

3w  ,, 

3z  kt  0  as  xn  classical  plate 
theory) 


_  1  r9u 


_  __  t  "u  ,  3w, 
'xz  2  l3z  "* 


xyj 

(2.11) 


(2.12) 


(2,. 13) 


(2.14) 


(2.15) 


(2.16) 


(2.17) 


fi f  i ifr* i*«  i h  -i  4* - i  i  1*7  -  Ii'i  ti&Oi  a 
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(2.18) 

(2.19) 


u  =  displacement  in  the  x-direction 
v  as  displacement  in  the  y-direction 
w  =  displacement  in  the  z-direction 

Also/  it  is  assumed  that  the  u  and  w  displacements 
are  of  the  form 


u  -•  u(x,z)  =  u°(x)  +  f^(x,z)  (2.20) 

w  =  w(x,z)  =  w°(x)  +  f^(x,z)  (2.21) 

1.  Transverse  Shear  Stress  -  t 

- xz 

Assume: 

(a)  A  laminate  layed-up  symmetric  about  it's 
centerline  with  adhesive  shear  and  normal  stresses  being 
applied  at  it’s  top  and  bottom  surfaces  (Figure  5) . 

(b)  The  boundary  value  constants  will  be 
evaluated  for  an  adherend  composed  of  an  odd  number  of 
lamina.  The  procedure  is  the  same  for  an  even  number  of 


lamina. 


FIGURE  (2-5) 


K  =  the  number  of  a  particular  lamina  measured  from  the 
bottom  surface  (i.e.  z  =  -  h/2) 

M  =  the  number  of  the  lamina  below  the  laminates  neutral 
surface. 


(c)  Superposition  is  valid.  Thus,  one  can 
superimpose  the  adhesive  shear  stress  (t  )  upon  the 
transverse  shear  stress  of  the  laminate  (t  )  . 

XZ 

(d)  It  is  also  assumed  that  the  adhesive 

thickness  (n) <<h  .  The  shear  stress  t  i  will  take 

!K 

the  form  defined  in  equation  (2.22) 


-  T 


[  T  f  „  (z)  +  T  f,(z)  +  [Qcei  fn(z)  +  bcci  ] 
xz|K  oL  4  ou  5'  55 ' K  3  55  lx 


<J>X 

K 

(2.22) 


.'jKl  i 


I 
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where: 

f^tz)  is  a  function  which  characterizes  the 
shear  stress  distribution  through  the  thickness 
of  the  plate  such  that  =  0 

(z)  is  a  function  so  defined  that  for  z  = 

-  h/2  a  shear  stress  t  t  exists,  while  if 

OJj 

z  =  +  h/2  the  shear  stress  t  _  =  0 

f  (z)  is  a  function  so  defined  that  for  z  = 

+  h/2  a  shear  stress  tqu  exists,  while  if 

z  =  -  h/2  the  shear  stress  x  =  0 

ou 

^55  a  constant  which  guarantees  the  continu¬ 
ity  of  shear  stress  at  the  lamina  interfaces 

4>x  is  an  arbitrary  function  to  be  determined 

toL  is  the  peak  shear  stress  on  the  lower  exter¬ 
nal  surface  of  the  laminate 

Tou  is  the  peak  shear  stress  on  the  upper  exter¬ 
nal  surface  of  the  laminate 

Boundary  Conditions: 

The  boundary  conditions  the  transverse  shear  stress 
function  must  satisfy  are: 
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Tv_ (^)  =  T 
XZ  2  ou 


(2.23) 


Txz(~2}  ~  toL 


(2.24) 


TxZ|k(1W  T«|  <hk+1> 


(2.25) 


f3(z)  =1-4  (g) 


(2.26) 


f4(2)  =  |[1  -  U] 


(2.27) 


f5(z>  =  |tl  ♦  f) 


(2.28) 


Provided  b55|  b55 |  ~  0  an  inspection  of  f  (2) 

1  2M+1  3 

and  f4(z)  shows  that  boundary  condition  (2.23)  is  sat¬ 
isfied.  A  similar  inspection  of  i^z)  and  f5(2)  shows 
boundary  condition  (2.24)  to  also  be  satisfied. 


Thus , 


T  T 

__  oL 


U  -  f ;  +  Zou  u  +  2a,  + 


>55|k  )  +b55|  !♦, 


(2.29) 


...  tjLfSLmi 
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Due  to  the  symmetrical  lay-up  of  the  lamina  about  the 
neutral  axis  of  the  laminate  it  can  be  shown  that: 


55  Ik  55 1 2M+2-IC 


(2.30) 


K  =  1  -*•  H 

Noting  the  form  of  f^(z)  and  f,-(z)  one  realizes 

that  bcci  is  independent  of  them,  being  influenced 
b^|K 

only  by  the  difference  in  the  values  of  for 

adjacent  lamina. 

To  find  the  other  values  of  bcci  one  uses 

55'k 

boundary  condition  (2.25),  namely: 


xxz|K  (hk+i}  txz|k+1  (hk+i} 


Employing  equation  (2.29)  one  gets 


{^55 | r  f 3 {Hr+l)  +  b55|r}*x  “  {555|r+]  f3(Hr+1)  + 


+  b55 1  }<*x 

D0|r+1  x 


Rearranging, 


^55 1 r  “  ^55|r+11  f3(hr+l}  +  b55|r  "  b55|r+1 
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Thus,  one  can  discern  that  bj-ci  is  related  to  the 

'K 

layers  preceding  it  as  evidenced  by  the  b^  j  tern 
above.  Thus,  the  general  expression  for  b-ci  can  be 

so 1 K 


written 


b55lK  rf3  f 3  (Hr+l) [^55 1 


-  Q 


55 


(2.31) 


r+1 


K  =  2  -*■  M  +  1 


2.  Calculation  of  a„  from  Equilibrium  Equa- 
tions 

From  equation  (2.13)  on  page  43  one  can  state 

30  3t 

_ z  __  _  xz 

8  z  — Sx 


Integrating  over  the  thickness  of  the  lamina  (z)  one  gets 

o2(x,z)k  -  o2(x,o)  =  -  /  =  -  4  f  TXZ  dz  (2-32> 

o  o 

Assuming  x  and  it’s  derivatives  are  continuous  over 

XZ 

the  area  of  concern  and  substituting  equation  (2.29)  in¬ 


to  equation  (2.32)  and  defining  d„(x)  =  a  (x,o)  one 
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0z(x,z)K  = 


9  r  r  oI>  / -i  2Z\  3  ,  f  ou  / -i  ,  2z »  -j 
K  [/  -j-  U— >dz  +  /  —  U+T^dz 

o  o 


+  /  Q 
o  *'*'  *K 


S5|v  11-4  JT>  ^  dz  +  /  b55lK  <Jx  dz) 


+  dR(x) 


performing  the  indicated  integration  an  expression  for 


the  normal  stress  is  attained 


a 


z 


(x,z)K 


dToL  ,Z  z3, 

dx  '2  2h; 


dx 


ou 

dx 


(-  +  — ) 
k2  2h 


-  Q 


55 1 K  "33T 


*<i>  4z3 

X  (z  -  i%) 

3h 


d<{> 

b55  |K  "dx  Z  +  dK(x) 


(2.33) 


The  constant  dK(x)  can  be  found  by  imposing  certain 
boundary  conditions  on  o2(x,z)^  .  These  are 


az(x'Hl>l  -  °oLfx) 


°z ^x,H2M+2^  2M+1  “  °ou (x) 


°z|K(lt'HK+l>  =  °z|k+1<x'HK+1> 


(2.34) 

(2.35) 

(2.36) 


^  ^  . 
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Note  that  boundary  condition  (2.36)  guarantees  the  con¬ 
tinuity  of  az  through  the  thickness  of  the  laminate 
for  all  (x)  . 


Using  boundary  condition  (2.34)  and  equation 
(2.33)  an  expression  for  d^(x)  evolves 

H,  dx  _  H?  dx 

0z(x,Hl)l  =  aoL(x)  =  "  ("T  "  2h*  ~dx  +  2h}  ~dx^ 


Qss^-d#  (H1 


hfi5\1  dx  H1  +  dl (x) 


d-^x) 


H.  B?  dx  T  H.  H?  dx 

rr  /v)  A.  f -k  _  \  OL  L  /  1  f  X\  OU 

°oL  x  (  2  2h  dx  +  2  ^  2h  dx 


+  Q55|  w  (Hi 


(2.37) 


Using  boundary  condition  (2.36)  and  equation  (2.33)  a 
general  expression  for  d  . (x)  will  be  developed. 


®*|.  (X'H2>  "  °z|,  !x-H2> 


H2.  dToL 
2h;  dx 


H„  hIt  dx  d<f> 

•  2  .  JL\  _ ou  _  x  _x  , 

(  2  +  2h}  dx  Q55|1  dx  (H2 


H2 

"  b55|1  ~dx  K2  +  dl(x)  =  ~  (T 


K2.  dToI, 
2h'  dx 


jJl*  ....  al if  rittizrrfSVlf  i 


ro  cnj  cn 
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H-j  H3  dx 
/  £  J.  2^  ou 

‘  2  +  2h>  "dx~ 


"  Q 


55 1 


d*x 

“df  <H2 


4e: 


3h' 


6$ 

b55|9  lbTH2  +  <VX>  =  0 


Solving  for  c^Cx)  and  using  equation  (2.31) 


d2(x)  = 


{(S55|, 


-Q55|i>(«2  +  <b5S|  -b/5| 


4h; 


d$ 

5l1)H2}d# 


+  aoL(x)  +  -  ^i) 


Hi  IC  dx  T 
1  1\  oL 


2  2h'  “dx" 


H,  H,  dt 
/_£  .  1\  OU 

V  2  +  2h;  ST 


d<f» 


+  Q55|^  "dif  {H1 


4H 

3h 


h 

2‘ 


However,  -  h/2  ,  thus  rearranging  terms  one  gets 

4H3 

2<X)  =  <<Q55|2  '  QSS|1>  (H2  -  ^f>  +  (b55,2  -  b55|i)H2 


Qcc  |  §!^2+o  -3h^oL.hdV 

55 1 1  3  dx  OL  8  8  “dx“ 


(2.38) 


Now  to  find  dK(x)  one  sums  from  d.(x)  to  dv(x)  . 

J.  K 


Thus,  a  general  relationship  exists  for  d  (x) 


K 


It  is 


aK(x>  ■  i“K  -  3«.  '* 


hi  d*x  3h  dTnT  h 

+  a  -  -  ~ 1  —  OL  ~  h  ou 


*  “5sli  3J  ^r,0oL-tTf-5^ 


(2.39) 


i 


'i 


iisiiafli&Mi  jaaite 


I 

I 

l 

l 

I 


I 

l 

I 

i 

f 

1 


! 


] 
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K  =  1  2M  +  1 


where 


K-l 


4H 


r+1 


“K  =  rlx  {°55|r+1  -  Q55|rJ [Hr+l  -  3h2 


+  [b 


55lr+l  '  b55lr]  Hr+1 


(2.40 


K  ®  2  +  2M  +  1 


It  is  not  obvious  that  boundary  condition  (2.35)  is  sat¬ 
isfied.  However,  for  a  symmetrical  lay-up  it  is  shown 
in  Appendix  A  that  using  equation  (2.33),  with  K  =  2M+1  , 
will  result  in  boundary  condition  (2.35)  being  satisfied. 


Namely,  that  0z<x,  H  >  -  °ou(x)  ' 

2M+1 


3.  Calculation  of  In-Plane  Displacement  due  to 
Curvature  of  the  Lamina-u(x,z) 


--K 


,th 


From  equation  (2.17),  for  the  K  lamina 


e  =  I  +  3LS£\ 

xz|K  2  '3Z  3x  j. 


From  the  strain-stress  relations  on  page  43 


54 


£  \  —  Ar-.  T  i  +  At-,.  T  i 

xz|  54  yz|  55  xz| 


(2.41) 


eyz|  0  A44  Tyz|„  +  A45  Txz>. 


Therefore , 


'K  A, 


(2.42) 


substituting  equation  (2.42)  into  equation  (2.41)  one 
gets 


A54  A45 

txz|k  +  *55  V|k 


Let  A  T,  = 


A54  A45 


£xz|  =  (A+A55}  TxzL, 


(2.43) 


substituting  equation  (2.22)  into  (2.43)  will  give  an 

expression  for  the  shear  strain  e  in  terms  of  the 

xz 

transverse  shear  stress  in  the  lamina 


sxz|K  °  <A+S55>k  tToL  f4!z)  +  Tou  f5(z)I 


+  {(i+a55)^  555|k  f3(z)  +  (a+A55)^b55|^)4. 


K  ~'K 


-  55  - 


Rearranging  terms  gives 


£xz  K  ■  (A+A55>k  [toL  f4(z)  +  Tou  f5(z)1 


+  {<1+A  0S5>k  £3<z)  +  (A+A55>k  b55|K}^ 

(2.44) 

Note  that  A  -*■  0  if  the  material  axes  coincide  with  the 

geometrical  axes  of  the  laminate,  since  in  that  case 

S.  c  =  Ar  .  =  0  . 
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Rearranging  equation  (2.17)  one  gets 


+  2e 


(2.45) 


substituting  equations  (2.29)  and  (2.44)  into  (2.45)  an 
expression  for  in  terms  of  the  transverse  shear 

stress  is  obtained. 


fl  -  -  ill  +  <A+A55>  IZ0L(1  -  ¥>  +  Tou  +  ¥>1 


+  2(1  +  A  Q55)  (1 

K 


~2)  K  +  2(A+*55>  b55  i ,,  *x 


(2.46) 


Integrating  once  over  the  thickness  (z)  of  the  lamina 
gives  the  expression  for  in-plane  displacement  u(x,z)K 
of  the  lamina. 
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it  will  be  assumed  that  e  £  0  .  This,  in  turn  will 

2  z  a.w 

give  one  an  expression  for  /  r—  dz  in  terms  of  a 

_  O.X  Z 

o 

and  t 


From  equation  (2.16)  on  page  43 


9.w(x,z) 
9  z 


differentiating  with  respect  to  (x) 


3£z  _  9 

3x|k  9.xdzjK 


(2.48) 


From  the  strain  stress  relations  on  page  43. 


£  |  =  A,  -  a  i  +  A--,  O  | 
z  |  K  13  x  I K  33  z|K 


(2.49) 


e  |  =  0  =  A,..  a  +  A,-  a  +  A,,  t 
xyl^.  61  x  63  z  66  xy 


Mention  should  be  made  of  the  fact  that  the  A0~  o 

32  y 

and  Ag2  °y  terms  have  been  neglected.  This  assumption 
is  felt  to  be  valid  since  for  the  construction  limita¬ 


tion  outlined  on  page  32  the  terms  A.^  an<^  ^62  wou^ 
be  small  with  the  resulting  values  of  A^  and 
Ag2  Gy  being  at  least  an  order  of  magnitude  smaller 
than  the  terms  retained.  Thus, 
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Txy  | 


A61  A63 

=  ~  = —  °v|  "  - —  a2| 

K  A66  ,K  A66  'K 


(2.50) 


differentiating  equation  (2.49)  with  respect  to  (x) . 


9ax  -  3az 

+  A,,  — 


U3  3x  L.  33  ~ox\. 


(2.51) 


From  equilibrium  condition  (2.12)  on  page  43 


9ax 

73T  |. 


9Txz 

5z  | . 


(2.52) 


Also,  differentiate  equation  (2.32)  on  page  49  with  respect  to 


(x)  one  obtains 


3o 

z 

■53r|. 


2  z  daz 

—  f  T  dz  +  ^  (x,o)K 

3.x  o 


(2.53) 


Letting 


do  dd  (x) 

a#  =  -h~ 


and  combining  equations  (2.48),  (2.51),  (2.52)  and  (2.53) 

3e 


the  expression  for  — becomes 


■ 

'l3  5z  I 


_  -  A33|,,  72  f  \z  d2 
K  1 K  3.x  o 
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adK  (x) 
L33|k  dx 


(2.54) 


differentiating  equation  (2.29)  with  respect  to  (z) 


3t 

xz 
32  I 


8  Qc-i 

toL  ^ou  _ 

h  h  '  h2 


(2.55) 


If  one  now  substitutes  equation  (2.39)  into  equation 
(2.33)  and  differentiates  equation  (2.33)  with  respect  to 
(x)  one  will  get 


A2  - 

d  loL  ( z 

.  2  l2 
ax 


d2  T 


(-  +  — ) 
l2  2h; 


.  3  d2$  d2<$> 

-  ,  4z  .  Yx  ,  „  x 

“  Q55 1  “  9  2  s5 1  z  2 

bb|K  3n  dx^  b;j|K  dx^ 


.  f  R  h,  d  ^x  ,  d0oL 

[aK  "  Q55\x  3  dx2  dx 


3h  d  ToL 
8  dx2 


.2 

,  d  t 
h  ou 

8  ,  2 
dx 


(2.56) 


Substituting  equations  (2.55)  and  (2.56)  into  (2.54) 


gives 


3x3*1 


13 lK  h 


r-  OU  , 

13|k  h  T 


8  ^13  ^55 | 


-  61  - 


da 


+  A 


OL 


33 {K  dx 


(2.58) 


Integrating  once  again  w/R  the  thickness  (z)  will 

give  us  the  desired  relation  for  /  dz  .  Namely, 

o 


z 


.3w 


dw 


o  A 


13 1 


'  r&  <*'Z>K  dz  =  2  -ST  +  “ST 

o 


]  z2 

1  OL  OU 


v33 


K  rZ 


2,  d  t 


z  h 


1  6  12h  '*  8 


dx 


OL 

T 


A33L  3  4  .  2  d2  t 

'K  rz  z  hz  ou 

2  1  6  12h  8  J  ”  2 


A13  Q55 1  3 

+  4  —  ~r~  2  *x  -  A33|k  l°55 


K 


6  15b2 


aK  Z 


3  d2<{> 

2-  +  °55|1ar+bS5|K  V  ^ 


hz' 


+  A 


do  _  2 

OL  2 

33 |  dx  2 


(2.59) 


If  one  substitutes  equation  (2.59)  into  equation  (2.47) 
and  adds  on  the  in-plane  strain  component  uq(x)  one 
gets  the  final  relationship  for  the  axial  displacement 
in  a  lamina  under  shear,  axial  and  normal  loadings. 


» hfa^rklfciWi  luUFfi  rfii 3a '•  *■  *"fc1  *4- *• 
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,  o 
aw 


u<x,z)y  =  u  (x)  +  CK(x)  -  z  +  [- 


Rl3|K  2 

2h 


^13  | 


+  (A+A5-)k  (z  “  h)3  ToL  +  ^  2h  Z 


2  ^33 |  3 

+  (i+555>K  (Z  +  V1  Tou  +  — 5^  [V 


z<  ,  3z2h,  ^  *oL  +  A»Jk  £ 
+  — —i  - -  +  2  1  6 


12h  8 


dx 


4  .  2  d2  t  _  4z3 

+  -J1*  1(2  +  2i  Q55>K 


4&i3  Q55 | 

+  (24+2A55)k  b55|  Z - 775 - £  z  ''i’x 


'K 


3h 


3  5  a  z  _  hz' 

^33|k  [°55|k  ‘T'S?» 


z3  d2<,,X  - 

+  b55lK-T)  ^T-'  A33|k  dx  2 


d0  -  ,2 
oL  2 


(2.60) 


To  calculate  the  boundary  continuity  constants  C  (x) 

K 

one  must  employ  the  boundary  conditions  u(x,z)K  must 
satisfy,  namely, 


u(x,z-0)M+1  u  (x) 


(2.61) 
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uk(Hk+1)  =  uk+1(Hk+1)  (2.62) 

Boundary  condition  (2.61)  implies  an  anti-symmetric 
bending  displacement  distribution  about  the  x-axis, 
namely  that  curvature  effects  at  the  geometric  mid-plane 
are  zero. 

Boundary  condition  (2.62)  guarantees  continuity  of  in¬ 
plane  displacements  between  adjacent  lamina. 

Using  Equation  (2.60)  and  boundary  condition 
(2.61)  one  gets 


Using  boundary  condition  (2.62)  and  beginning  with 
K  =  M+l  ,  one  can  readily  see  a  general  relationship 
for  Cj,(x)  evolve. 

Using  equation  (2.62)  with  K  =  M+l  one  gets 


UM+ 1 ( HM+  2  *  UM+  2 ( HM+  2  * 


Substituting  into  this  relation  using  equation  (2.60) 
gives 
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dw  A13|  M, ,  , 

u  *  Cm+1(x*  "  HM+2  *dx"  +  *  2h  HM+2 


,  /a,t  ^  HM+2,  _  ,  r  13 1  M+l  „2 

+  (A+A55)M+1  (Hm+2  -  h  )  TqL  +  [  2h  Hm+2 


.  (A.jr  \  HM+2»  .  **33l  M+l  fHM+2 

+  (A+A55}M+1  {HM+2  +  —] 1  Tou  +  - 2 -  [— 


d  ToL  33  I M+l  rHM+2 
~2"  +  - 2 -  6~ 


2  2 
hH„  ,  d  t 

8  *  di?-  +  ^2+2A^55*M+l  (HM+2 


2  +  (2A+2A55)m+1  b55|K+l  hM+2 


^^55|m+1  42Hx+A33.  ^ 


M+l  55  M+l 


H5  „  H2 

M+2,  °M+1  M+2  .  - 

o'  ~  o  +  U 


55  I X  6 


3  2  2 

,  .  HM+2,  d  -  daoL  HM+2 

55Im+1  6  d*2  33IM+1  dx  2 


O  dw°  A13|m,9  - 

=  u  (x)  +  Cm+2(x)  -  Hm+2  -gj*  +  C  2h  HM+2 
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FK  = 


K-l 

Z  {<- 
r=M+l 


l33 


^£±i)  (4i  +  “r+1 


H  . ,  3hH 


r+1 


12h  8 


]} 

(2.66) 


K-l  A33|r  a33|  H^+1 

FK”r=M+l<(^ - T-X— 


H4  3hH2 

_*±I  +  _ £±1]} 

12h  8  1S 


(2.67) 


K-l  H“ 

G„  =  Z  {(A,.,  -  A.-.,  )  +  [  (A+Aj-c) 

K  r=M+l  13 'r+1  13 1 r  2h  55  ; 


(4+A55>r+iHBr+1  -  %il> 


(2.68) 


K-l 

\m  *  {{A13| 

r==M+l  1  r 


A13|  *  2h  +  t{A+A55} 

1  r+1  i 


(A+A55)  (Hr+1  +  h  ^ 


(2.69) 


K-l 

HK  =  ZM,,  {A33|  -  “  A33 I  } 

r=M+l  1 r+1  1 r 


H 


r+1 


(2.70) 


Let  us  check  to  see  if  this  general  expression  for 
C.,(x)  holds  for  K  =  M  -*■  1  .  Using  boundary  condition 

K 

(2.62)  and  setting  K  =  M 


UM^HM+1 


*  ~  UM+1  *HM+1*  ° 


uVl£Xi^U,/A  ..V.  Hr 't..' 
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Substituting  into  this  relation  using  equation  (2.60) 
gives 


dvr 


dw 


CM  “  CM+1  ”  HM+1  dx  +  HM+1  dx  +  A13| 


M 


h; 


+  A,,.  )  +  ((A+A  )  - 

13  W  2h  55  M 


(A+A55)  / 

55  M+l 


H 


M+l 


H 


)  T  T  +  (A. 


h  '  OL  13 


'M 


A  \  M+l 

A13j„.,)  2h 


'M+l 


H 


+  t(A+A55) 


M+l 


M 


(A+A55)M+i]  [HM+i  +  h“J  lou 


1  x. 


A 


33 


+  [- 


M 


A-SO  I  TT^ 

-3-3  'M+1-,  r “M+l  nM+l 
o  I  c 


12h  8 


3hHM+l,  d\l, 


dx 


2 


33 


+  [■ 


M 


A-j  o  I  ,,3  h4 
'M+l, ,  M+l  M+l 

2  J  1  6  12h 


hK2  d2x 

M+l,  OU 

"j  O 


8 


dx 


4H 


+  ( {  (2+2AQj.  j.) 


M 


(2+2A5=5,mj.1)  (H*« 

M+l 


r+1. 


3h‘ 


+  {(2A+2A55)  b55  -  (2A+A55)  b55|  }Hr+l 

M  M  M*f*l  lM+l 


+  (A13  Q55| 


4h; 


M+l 


A13  Q55|..)  “TF^x 


'M  3h 


lfr-'n'iV  h  f  w>xJt\S  Jut . < , > . a 
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valid 
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Z  {[A 
r=M+l 


**  ^0-3  I  (Qcc^ccj  -  C 


33  |  r  ^55"D55^ 


33lr-i  55  55  r-l'  6 


+  (A33  Q55 1  r_1  ”  A33  Q55lr}  ^2 


+  {A33 | r_!  ar-l  A33|r  V  T 


+  (A33 | r  '  A33|r-1)  Q55\1  ^ 


(2.71) 


£  {(A13Q55l 

r=M+l  i)')  'r-1 


r 

A13  Q55]J  77T 


r  3h 


+  (2AQ55|r  -  2A°55|r_1)  Hr  +  (8AQ55|r-1  “  ^55^  ^2 


+  ((A+A55)  b55|  -  (A+A55)  b55|  )  2Hr)  (2.72) 


Z  {  (A~  ~  ;  —  ^ool  )  i n  *  (A 


r=M+l  » r 


3  3 1  r-1 


331 r-1  ’  A33lr’  24h 


+  (A00 |  -  A 


3h  H' 


33|r_1)  16  } 


(2.73) 


2  rt33|  "33|  H4  h  K 

Fv  =  Z  {  (— ^ - ^-±)  (-£+*-  — 


k  =  r=£+1  {  2 - 2  }  <t  +  ik  "  -ir->  >  <2-74> 


^SSSSmSSSSSSESSSSSB 


I 


I  I 

l  * 

f 

■k 

i  I 

> 

I 

!  I 

t 
S 
I 
I 
I 
1 
I 


i 


£  {  (A 
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2  H 
—  o  I  ) 


L  \ IA. , I  “A,,  ) 

r=M+l  XJ,r-l  r 


2h 


H 

+  [^+A55)r  -  (^55)r_11  [Hr  "  -¥]} 


(2.75) 


GK  = 


2 

Z  {(A13| 
r=M+l  J"5 1  r 


H 


^13]^  2h  +  t(A+A55) 


(A+Ass)^]  [Hr  +  ^1} 


2  H 

Hv  =  £  {{A00i  -  A0  0 1  )  — 


(2.76) 


K 


r=M+l  33<r-l  “  33 1 r7  2 


(2.77) 


Thus  having  evaluated  all  constants  the  general  relation¬ 
ship  for  u(x,z)„  can  be  written: 

K 


zdw 

u(x,z)K  -  u  (x)  -  -JRT 


.o 


13Ik  2 

+  i-  -ar  z 


A 


+  (A+A55|r)(z  h*  +  GKlToL  + 


13  I 


K  _2 


2h 


A. 


2  _  33 U  3 

+  (A+A55)^(z  +  +  Gk]tou  +  {— j—  (%- 


Sss.^. „ ,  . . 


l’lK«W^  fa.". 
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4  o2k  d2T  r  A33  L  3 

+  32 h  ,  }  _ oL  { _ |K  -z_ 

12h  8  J  +  d  2  1  2  1  6 


-]  +  F„) - ^  +  [(2+2AQ-J.)  (2 

K  dx2  55  K 


^13  -  3 

*  (2A+2A55}k  b55|K  2  "  ~^2  Q55|k  2  +  V  *x 


23  75  ttKZ  hZ1 

+  {fl33iK  IQ55ik  (_t  '  li? '  “ +  °55ii  ~ 


3  d  2<p  2  da 

+  b55|  IT3  +  °K'  ~Hf  +  A33 LT  +  HK}  “dx" 


(2.78) 


5.  Calculation  of  che  Resultant  Axial  Load, 
Moment  and  Transverse  Shear  Relations  for 


a  Plate: 


By  definition 


ex(x,3)K 


3u(x,z) . 


(2.79) 


Also,  from  the  stress-s train  relations  on  page  39 


Neglect  per  page  57 


=  °u|k  *x|r  +  Q13/4  cz1k 


(2.80) 
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By  definition,  in  laminated  plate  theory  the  resultant 
moment  over  the  thickness  of  the  plate  is  defined  as 


N  «K 

M  =  T.  f  a  •  z  dz 

X  K=1  rf  -1  X 


(2.81) 


In  a  similar  vein  the  resultant  axial  load  acting  over 
the  thickness  of  the  plate  is  defined  as 


H  HK 

N  =  l  f  o  dz 
x  K=1  Hk-1  x 


(2.82) 


Finally  the  transverse  shear  resultant  through  the 
thickness  of  the  plate  is  defined  as 


Q  =  St  dz 

x  K=1  Hr_1  xz 


(2.83) 


Employing  equations  (2.78-2.80)  the  general  relationship 
for  ax(x,z)R  is 

,  \  -  n  fdu°  d  W°  ,  r  "13 Ik  _2 

ax(x,z)K  “  Q11 [K  *  dx  "  Z  dx2  2h 


z2  dloL  13  Ik  2 

+  (A+A55)  (z  --£•)+  Gr]  +  I  2h  z 

K 


l33  3 

°  J  X  .  -7. 


+  <«*„>  +  V  ~sr  +  '-V1  (V 
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4  ,  2,  d  t  _  33  „  3  4 

z _  _  jz  h,  p  i  _ OL  ( _ |K  fz_  z _ 

12h  8  '  +  K'  d  3  +  1  2  1  6  12h 


8  ]  +  FK*  ,3  +  t  (2+2AQ55)  (z  -  2) 

dx  K  3h 


+  (2A+2A,*-)  ^<55 1  ^  ~ 

3  K  03 *K 


4  A13  °55|  3  d<*> 

-l^2  +ek’^ 


+  (S33|k  tQ55|K  (Z6  -  '  K2  +  ^  "l 


*  b55|K  V  +  V  +  (  a33|K  2  +  V  dx2L> 

(2.84) 

Final  relations  for  moment,  axial  load,  and  shear, 
will  now  be  stated.  The  reader  should  realize  that  for 
a  laminate  symmetric  w/R  to  it's  mid-surface  the  re- 
lations  marked  {7  )  would  equal  zero. 

Employing  equations  (2.81)  and  (2.84)  a  general 
expression  for  M  is  calculated. 
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N  HK 


K-l  / 


a2  o 

a  w 


M*  =  h/ °uIk  77 


7}  dz 


KK  Q11  A13  j  v/3  HK  _  _  2 

+  [  ;  2h  /  2  dz  +  f  Q11  (A+A55*(z  ~  Jh’)dz 

hk-i  7  hk-i  k  / 


Ml  N 


-  75  - 


hk 


4° 


+  ISW  G/z 


dx  HK  Q11  *13  | 


K-l 

HK 


/ 


dz]  +  [  f 


dx  ’  1  '  2h 

K-l 


dz 


+  Q11  (4+S55>  (z 

"k-i  k 


2  zf-  Hk  .  f  dx 


1  dz  +  /  5n|K  gk 

K-l  * 


HK  4  5 

+  v, Ql1  ft”iK(ll az "  5 


a/z 

/ 


hk 

H  f  °11  *33 1  FK  ^dz] 
K-l  K 


a  t 


H 


oL 


K 


dx3  +  Ql1  A33|k(12 


U  O 

ji~  ij^)  dz  + 


H 


K 


O  3 
dJx 


A33Ik  PVdZl  if 


H, 


‘K  Hk  4 

+  [H  !  QHL  (2+2AQ55>  z2  dz  -  /  Q  ,  (2+2AQ  )  ^  dz 

H  K  K  Hk_1  iX  * K 


K-l 

H 


‘55'  2 

°°K  3h 


K 


+  ^  Qn  I  (2A+2Ag5)  bj--.  z  dz  -  / 

H„  ,  11 Ik  55  K  55 1*  « 

d<{> 


H„  4Qn  A,,  Qj-t-i 
2  „K  11  13  55iK  4 


K-l  “  K  'K  Hr_1  3h‘ 


z  dz 


H. 


K 


H 


K-l 

15h" 


H 


_ ji 

dx 


K 


+  f  /  Q-.  •.  Qcc|  (*  - 


H 


K-l 


11  33  w55 1  ^*6 

K 


H 


r)  dz  -  /  A00  Q 


K 


4-1  33  Q11|K  “K^-  dz  *  n^Qn  S33|K  «55l 


! 

.  3 

dz  i 

6  i 


-  24  WK  d30 

+  7  *33  Qlll  b55l  V  dz  +  /  Q  ,  _ 121 

hk-i  111 k  55 'k  6  HK.1Ulll  dx3 


i  ; 


9  l 
\ 


l  i 


I  ; 


+  l"  „  f  Q11  A33 1  yf~2  dZ  +  J  Qll|„  HK/dz] 

HK»1  /  HK-1  K  / 


(2.8 


Employing  equations  (2.82)  and  (2.84)  a  general  expres 


sion  for  N  is  calculated. 

A 


H. 


|2  o 


N  HK  .  .  .  “K  _  dV 

N  =  Z  {  /  Q  ,  ^-dz  -  /  Q  ,  — /zdz 

X  K=X  tL.  .  U'K  aX  Hv  .  UIk  dx2 

K-l  K-l 


H  Q11  A13 1 .,  H. 


+  [-  / 
H 


K  —  ‘  K  2  ~K  _ 
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K-l  HK-1  K  K/ 


H 


K 


H. 
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+  _  1  Oll|_  gK  d2l  -df1  +  <„  '  5U  2h^  z  dz 
hk-i  k 


H 


K-l 


H 


K 


H 


K 


dx 


+  f  Q11|K(A+A55)K/+ h  )dz  +  Hf  Q11  |R  GK  dz]  d 

K— 1 


HK-1  K  K/ 


+  lHf  ^11  A33 | ^  ^  ~  24h  +  16  ]dz 


K-l 


'K 


H 


K 


d3t  .  HK 

+  l  L  ?K  d2]  ~TT  +  [J  ^11  A33  |  T,  '12 


/ 


Me 


77 


+  A  „  2  hk  *  a3T 

24h  "  TT*dz  +  l  Oil l  fk  dz>  ~dr 


hk-i  “'k 
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HK  T  **k 

+  I  /  Qi  i  |  (2+2AQt-c)  zdz  -  /  Q 


H  nlx 

HK-1  k 


55'k  r 


(2+2AQ5s) 


K 


HK 

2  dz  +  J  Qll|]t(2A+2a55)K  b55|K  *>2 


h-  hk.1  “.K 


_  "k  *Qu  5 


Hr-1  3h 


H. 


K 


+  [/  On  a33 


K-l 


d<{) 

11 1 K  EK  dz]  ~dx^ 


H 


K 


H 


'll  ~33  U|K  T 


dz 


K-l 


kk 

+  f  Qi  1  o  I  Qc 


'll  h33| k  W55|  6 

HK-1  K  1 


2  K  _  _  3/ 

-  dz  +  /  Q..  A_ ,  |  b  ,,  -J-  dz 

11  33|k  55 1 K 

K-l 


H 


K 


d3(f. 


H 


K 


+  fR  511  °K  d2]  ^v3X  +  l_  J  ^11  A33|^  Z2 


dz 


K-l 


dx 


H 


K-l 


■K 


H 


K 


,2 

d  a 


+  !  Qll|  HK  dZ]  ,  2 

HK-1  K 


oLi 


dx 


(2.86) 


Employing  equations  (2.83-2.84)  a  general  expression 
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for  Qv  is  calculated: 


‘x 


Qx  = 


N 

E 


II 


{  / 


K 


K=1  H 


K-l 


ou 


K-l 


(|  +  34  dz 


Hk 

+  t  /  Qc 

HK-1  * 


H 


4z 


K 


I  (1  -  — -W-)  dz  +  /  b__, 

'k  h2  hk_x  55'k 


dz]6  }  (2.87) 

A 


In  summation  the  moment,  axial  load  and  transverse  shear 
relations  for  a  symmetric  laminated  composite  plate  have 
been  developed.  These  equations  assume  a  state  of  plane 
strain  exists.  They  also  include  the  effects  of 


1)  transverse  shear 

2)  normal  strain 

3)  the  upper  and  lower  extreme  surfaces  of  the 
laminate  having  a  shear  and  normal  stress 
applied  to  them. 


In  a  condensed  notation  the  moment,  axial  load  and 
transverse  shear  relations  can  be  rewritten  as 


M  =  -  D.  , 
x  11 


d2w° 

dx2 


d3  (f> 


+  F 


x 


d<f> 


+  G 


x 


a3T 


dx' 


dx 


+  K 


oL 


dr 


+  I 


oL 


dx' 


dx 


dx 


+  I 


ou 


d3t 


dx 


+  H 


dx 


ou 

T~ 


(2.88) 
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d2d>  dd>  d^x  „  d2x  dx  _  dx 

„  t\  vx  ,  „  vx  ,  ^  oL  ,  ^  ou  ,  t^  oL  ,  ^  ou 

x  77*  dx  dx3  dx3  dx  ax 


dx* 


d^x 

.  oL  .  -  du° 

+  E  - ~~  +  A  -3 — 

dx2  dx 


(2.89) 


Q  =^(xT+X  )  +  Kc  A 

x  2  oL  ou  5  vx 


(2.90) 


where : 


N  HK  _  2 

A  =  K=1  {'  Hk_,  Ql1  A33IK“K  “ 


dz 


H 


K 


H. 


*<  ^£331  Q55(i  |z2az  +  .r  QU|„  oKaz} 


K 


H 


K-l 


HK-1  'k 


(2.91) 


N  HK 

B  =  E  /  Q, ,  .  E  dz 
K=1  Hk_1  11 >K  K 


(2.92) 


H„  4  Hr 

„  ,  „  11  «33|k  m az  +  ./  511  ?-33IkII  z2flz 

K=1  "k-1  K  HK-l  * 


N  **K 
C  =  E  {-  /  Qni  A 


KK 

*  J  L  fk  dz) 

hK-l  K 


(2.93) 


N  "K 


4  u  2 
z  hz  , 


{  f  ®11  *33|  (24h  "  16)dz  +  *  QllL  Fk  dZ} 

K-l  Hk_1  K  hk-1  K 


(2.94) 


K=1  {'  HK-1  °U  Al3|K  ^  ^  ’  «K-1Qll|K<A+A55>K  *  dZ 


55  K  h 


+  L ,  5“Ik  g*  dzl 


(2.95) 


5  =  K=1  {£KJn  5i3'k  3h  dZ  +  iK-15ll,K<AtSS5,K  *  dZ 


+  '  °ll|„  gk  az) 


(2.96) 


e = Jx  '■  L ,  £ dz  +  L ,  5^ik  hk  az> 


(2.97) 


N  HK 

A  =  Z  f  Q,,i  dz 
K=1  H„  ,  ‘K 


(2.98) 


N  HK  2 

D, ,  =  £  /  Q,,  i  2  dz 

iJ-  K=1  Hr_1  ±ilK 


(2.99) 


N  HK  4  hK  6 

F  =  vEi{h  ®11  ^33  ®55L  "6“  dZ  "  l  ®11  ^33  ^55  |  v  l5h2dZ 
K-i  hk_1  k  hk_1  K 
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d3$ 

*  x 

N  =  A  - T-  +  3 

x  ,3 

dx 


d(j>. 


4  *  x  _*  du° 

’  #  ^  _ Ji  4.  7\  _ ft 

dx  dx 


(2.110) 


Qx  =  K5  ♦*, 


(2.111) 


where  the  (*)  terms  are  so  labeled  as  the  upper  and 
lower  adherends  may  be  of  different  materials,  thick¬ 
nesses  and/or  lamina  orientation.  This  would  result  in 
different  values  for  the  constants  associated  with  Part 
1  and  Part  4,  respectively. 


Numerical  values  of  the  constants  in  equations 
(2.106-2.111)  can  be  determined  by  using  equations (2 . 40) , 
(2.64-2.65),  (2.71-2.72)  and  relations  (2.91-2.105). 


7 .  Reduction  of  Equations  (2.88-2.90)  to  the 
Governing  Equations  of  Part  2 

Part  2  as  defined  in  Figure  2,  page  36  has  it's 

lower  surface  under  the  influence  of  stresses  r  T  and 

oL 

^oL  ^ts  uPPer  surface  is  free  of  applied  stresses. 

The  governing  relations  for  M  ,  N  ,  and  Q  can  be 
obtained  by  equating  oqu  and  tqu  to  zero  in  equa¬ 
tions  (2 . 88-2 . 90) . 
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The  resulting  relations  become 
>3 . 


=2..B  d''4>  d6 


M„  = 


d^w®  ~  ¥x  '*¥x  d3x  dr 

„  Q  W2  .  „  X2  .  „  X2  ,  „  a  ToL  ,  T  aToL 

-  D,,  - 7z —  *r  F  - 5 —  +  G  — ^ -  *r  K  - * —  +  I  — 3 - 

11  ^..2  j„3  dx  j„3  dx 


dx 


dx' 


dx' 


{2.112) 


N  *» 
x 


^  ^x0  d«J»  d3r  T  dx  _ 

A  - =^-  +  B  +  C  - ^  +  d  —~ 

.3  dx  -3  dx 


dx' 


dx' 


d2o  du~ 

+  E  _ 9k  +  A  2 


dx 


dx 


(2.113) 


hT«T 

Qx  =  Hr +  k5  V 


(2.114) 


The  definition  of  the  constants  in  equations  (2.112-2.114) 
can  be  determined  as  follows: 

bet- 1  is  obtained  using  equations  (2.30)  and  (2.31) 

”'K 

a„  is  obtained  using  equation  (2.40) 

XV 

CL,(x)  is  obtained  from  equation  (2.63)  by  setting 

rv 


Therefore, 


'K-  K  dx2  -K  V-2  - 


2  K  OL 


K  dx 


(2.115) 


K  =  1  -*•  2M  +  1 


where  DR  ,  ET.  ,  F  ,  GR  ,  HR  are  determined  using 
equations  (2.64-2.77). 


8.  Reduction  of  Equations  (2.88-2.90)  to  the 


Governina  Equations  of  Part  3 


Part  3  as  defined  in  Figure  2,  page  36  has  it's 

upper  surface  under  the  influence  of  stresses  xou  and 

o  while  the  lower  surface  is  free  of  applied  stresses 
ou 

With  this  information  one  can  readily  see  that  Part  3 
is  just  Part  2  rotated  180  degrees  about  the  x-axis. 


Therefore,  the  resultant  moment,  axial  load  and 
shear  relations  (equations  2.88-2.90)  with  x  T  and 

Oij 

o  T  replaced  by  x  and  o  ,  respectively,  are 
oL  ou  ou 


.2  0  d3(f)  d<j>  .3 

d  w3  *  x3  *  x5  *  d  Tou 
M  =  ~  D. .  - 4  +  F  - t—  +  G  +  II  - - 

X  11  dx2  dx3  dX  dx3 


.  dx 
.*  ou 


(2.116) 
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a\ 


X 


N  =  A 


dx 


3  * 

3T+b  “dS 


d'X3  +  c*  ^ou  +  D*  ^ 


ou 


.  3 
ax 


dx 


.  d1 2 * *x  *  du« 

+  E*  on  +  r  „4 

dx 


(2.117) 


Q 


x 


(2.118) 


*  *  *  * 

To  determine  the  constants  A  -  H  ,  , 

* 

and  a„  several  changes  in  the  formulas  for  these 

J\ 

constants  must  be  performed.  These  changes  are  necessi¬ 
tated  by  the  change  in  sign  of  the  second  term  in  the 
function  f^(z)  vs.  f^(z)  .  A  brief  check  of  equa¬ 
tions  (2.27)  and  (2.28)  wi71  reinforce  this  rationale. 

Therefore,  the  net  effect  on  the  equations  used 
to  calculate  the  above  mentioned  constants  is  twofold. 

1)  Replace  Q__«  by  -  Qcci  where 

”*1  ')'5 ' 2M+1 

necessary 

2)  Change  the  sign  of  all  terms  in  the  constants 

which  reflect  the  difference  of  sign  in  func¬ 

tion  £4(2)  vs.  f^(z). 

The  net  result  is  presented  here  as  equations  (2.119- 
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2.145)  . 


*  K  _ 

aK  ~  2  {  [Qct:  I 

K  r=2M  55 1 : 


-  Q 


55 1 


]  H 


r+1 


r+1 


[Q 


55 1 


r+1 


4H 


-  Q 


55 


r+1 


3h 


+  [b55 |r  b55| 


r+1 


3Hr+l} 


K  =  2M  +  1 


where : 


a2M+l  “  0 


CK  (X) 


D. 


,2  . 

d  d> 

*  x 


K 


dx 


3  * 

— —  +  E 
2  +  bK 


.2 

d  t 


+  F 


K  .  2 
dx 


+  G 


K 


T 

O 


+ 


* 


da 


ou 

dx 


(2.119) 


(2.120) 


(2.121) 


K  =  1  ->  2M  +  1 
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where  for  the  lamina  K  =  M  +  2  -*■  2M  +  1  the  follow¬ 
ing  relations  are  valid: 


Dk  r=Htll  1X33  °55lr  '  °5S  I  r+x1  +  !A”  °55i  r+1 


-  -  Hr+1 

Qt:c  I  3  1  +  [A,.,  bcc-|  A__  bcc:i  ] 


H 


33  55 1  r'  15h2  ' 


33  D55|r  "33  D55|r+1 


r+1 


*  H 

*  -  r+1 


+  tA33  a|r+l  "  A33  a|r3  2  +  fA33|r+1  "  A33|r] 


Q 


55 


h0H2 . t 
3  r+1 


} 


2M+1 


(2.122) 


EK  = 


K-l 

^  ^  ^A13  ^55  I 

r=M+l  •LJ  D:5 1  r+1 


A13  Q55 I  3 

•  r 


4H-\. 

r+1 


r  3h: 


+  l«55|r  -  *“*5  |M.11  2Hr+l  +  UB55|r+1 


8H 


r+1 


“  AQ55|  3  2  +  [(Zi+A55}  b55| 

•r  r  !r 


“  (  A+A  r-  r-  )  bt 


‘55'r+l  U55lr+l’  2Hr+l) 


(2.123) 
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3  4 

k-i  _  _  ir+1  _  _  h*h 

Z  {1A321  —  1  ]  -J2  +  ^33 1  -  ^33 1  ^ 

r=M+l  ^'r  6*'x+l  X/  ^'r+l  241 


1  r+1  24h. 


+  [A. 


JI,3  2 

"  A33jrJ  ~16  Hr+13} 


(2.124) 


*  K-l  H  . 

G  =  Z  {[A.3.  -  A  ,  }  J£±±  +  [(A+A.c)^ 

K  r=M+l  13 1 r  13  * r+1  2h3  55  r 


"  (A+A55}  J  Hr+1  +  «A+A55>r  “  ~KT  } 


(2.125) 


K-l 

Z  {  [A, 
r=M+l 


-  a  1  3T+1 

A33|rJ  2  * 


(2.126) 


K  =  M+  2->2M+l 


Moreover,  for  the  lamina  K  =  M  ■*  1  the  following  con¬ 
stants  are  valid: 


Dt,  2  {  [A_ 0  Qr-r  1  -  A» -  Q 


r=M+l 


33  w55  33  w55  6 

r  r-1 


+  [A33  ^551^  +  A33  °55|r]  15h2 
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HK  =  Z  [A33l 
K  r=M+l  3o,r-l 


a33|r’  2 


(2.13 


K  =  M  1 


Finally,  equations  (2.91-2.105)  are  rewritten  to  read 


N  HX 


A  -  £  (-  J  Q-«  -i  A-jol  „  “o'  ds  -  I  Q-j-.  A__i  Q55I 
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,  Z.  iiw. 

h~z  K  * 
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(2.132) 


^  K  _  * 

=  l  f  Q-i  T  I  E  dz 
K=l  hk_1  11 'k  k 


*  N  K  ^>^3  2 

C  =  K-l  {"  Q]L1  ^33 1 K  2  dZ 

K-l  Kk_1  k 


(2.133) 


-N'  4  Hk  * 

/  0n-  ,  -Jt—  dz  +  /  Qnl  fk  d2}  (2.134) 

It  33 L.  24h,  „  H|K  K 

r  K-l  K  3  K-l  * 


*  N  HK  2  K  _  z2 

D  =  ii { L , 5l1  5i3'k  ^ az  +  h!  ,  kj 


+  v!. ,  Qllih  Gk  dz) 

X\“l 


(2.135) 
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N  K  _  _  2 

E  {  J  Q-t -i  I  n 
K=1  Hr_1  *  ^*K  A 


K  _  * 

/  Qni  H  ,  cz} 

H  ,  11 '  K  iX 
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*  hk 


=  L  /  Q.  1  -  dz 
K=1  H„  ,  Xi|K 


(2.137) 


N  HK  2 
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(2.138) 


*  N  “K 
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“  V  M11  33  55\  T 

-1  >K 
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(2.139) 
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K=1  H„  .  Xi  J~5  bblK  3h 
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HK-1  K  K 
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v  Hv 
N  K 
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K=1  hk-i  1 


(A+Acc.)  2  (32 
K  55  K 


(2.142) 


*  N  HK 
Kc  =  Z  {/  Q 


K=1  H 


K-l 


55  | 


K 


HK  _  22 

dz  -  /  4Q  ,  -7y  dz 

«K-X  55'Kh3 


\ 

+  /  b55|  dz} 


H. 


K-l 


'K 


(2.143) 


It  is  also  desirable  to  specify  the  expressions 

dw., 

for  o22(X/Z)K  u3^x,z^k  an<^  "dx”!  as  also  will 

be  modified  due  to  the  rationale  elaborated  on  page  86 
The  resulting  expressions  become: 


a^(x,z)K  I-  \  2hJ  dx  +  ^55  |K  2 


4Q: 


d(f» 


■5SL  z3  .  "TX 

+  _  _  _  b55|^  z]  -g^-  +  dR  (x) 


(2.144) 


where : 


-  94 


dd> 

•  x, 


*  h3  _  “‘x,  ->i_  dx. 


aKW  =  t«K  +  t  5S5|2m+1>  ST  +aou  +  T  TT  ‘2-14s> 


K  =  2M  +  1  +  1 


dwc 


U3(X'Z)K  =  “  3  *  z  iT  +  t  *131  4r  +  «**Ss5>  z  +  SK 

a  o  h 


+  ^A'h^55)  h“  ]  T  +  [-  4A,  ,  Q,._ :  -2-, 

55  K  h3  0  13  ^lK  3h: 


+  U+AQ55)  2z  “  (1+AQCC)'  8z  1  "* 


K 


55 '  O  **  ®K 
^  K  3hZ  K 


+  (A+A  )  b  ,  2zU  *  [A  |  +  Fv 

D  K  'K  X3  33'K  b2  K 


+  A 


■?k  „2  p2 

3h^  z  dr 


33  lK  24h3  "  *33U  is  1 


K 


dx 


+  tA33  ^55  |K  T  "  A33  ^55!  +  A—  b 


K  15hf  ^  ~33  "55  |K  V  +  °K 


"  A33  aK  2  "  A33|  655 1 


h_2 


2  d“4> 


K  1 2M+1 


X- 


dx 
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+  [“  Aooi  + 


33 


K 


V 


ffo 

dx 


(2.146) 


3.V/3  dw(x,o)K  _  z2 

4  "IF  (x'z)K  dx  =  "  A13|k  To  hj  +  4A13  Q55lK  JT  *x3 


d2T 


d2$ 


+  A 


33 


K  dx 


o  r  z 
2  l"  4 


6h3!  +  A”'k  'dx 


X3  r  Q 

2  [  Q55|K  2 


+  °55Ik  3h|  " 


2  z  "**  3  ^5 Si  Z^ 

2  K  3  5bl2M+l 


K 


2j 
8  33 


(2.147) 


9 .  Summary 

It  should  be  noted  that  these  moment,  shear,  and 
axial  load  relations  are  valid  for  any  laminate  subject 
to  the  restrictions  mentioned  on  page  32.  While  the 
case  for  an  odd  number  of  lamina  was  solved  in  detail, 
these  relations  are  valid  for  an  even  number  of  lamina 
provided  the  boundary  value  constants  are  adjusted  to 
reflect  this  lay-up.  Having  these  relations  one  could 
solve  any  number  of  physical  problems  by  empJoying  these 
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relations  in  connection  with  the  proper  force  equilibr’ urn 
anil  boundary  conditions  which  are  valid  for  the  case  in 
question. 

It  should  also  be  noted  that  the  relations  de¬ 
rived  give  shear  and  normal  stress  distributions  through¬ 
out  the  lamina.  Thus  the  s  .^esses  in  the  resin  between 
laminae  can  be  determined.  As  is  known  failure  very 
often  occurs  in  the  resin  yet  most  present  day  analyses 
ignore  this  fact. 


E. 


DEVELOPMENT  OF  ADHESIVE  STRESS-STRAIN  AND  FORCE 


EQUILIBRIUM  EQUATIONS 

To  make  the  problem  determinant  and  thus  solvable 
it  is  necessary  that  the  stress-strain  relations  between 
the  adhesive  and  the  adherends  be  determined.  Also,  the 
force  equilibrium  criteria  on  all  four  sections  is  a  pre¬ 
requisite  for  a  determinant  solution.  These  relations 
will  now  be  formulated. 


X.  Development  of  the  Adhesive  Stress-Strain 
Relations 


Assume  the  adhesive  is  a  homogeneous,  iso¬ 
tropic  material  system.  Set  t  T  =  t  =  t  and 
c  J  oL  ou  o 

o  T  =  o  -  o  .  Also,  set  the  upper  laminate  thick- 
oL  ou  o  L  c 

ness  to  h2  and  the  lower  laminate  thickness  to  h^  • 
The  stress-displacement  relations  can  be  written 


w2  (x, 


— )  -  w3 (x, 


(2.148) 


u2  (x, 


u3  (x, 


T 

O 


c 

s 


(2.149) 
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by  definition: 

C  =  Adhesive 
n  Tadhesive 

Q 

r  _  adhesive 
s  Tadhesive 

where  it  should  be  noted  that  the  E  and  G  values 
here  are  not  those  measured  by  standard  tests  of  the 
bulk  material,  but  values  determined  through  experiment, 
of  the  adhesive  in  the  geometry  of  the  joint,  from  the 
relations  above. 


Using  the  relations  developed  earlier  for 
and  -k~>  for  parts  2  and  3  one  can  obtain  expressions 
relating  the  laminate  physical  properties  to  tq  and 


(a)  Equation  (2.149)  -  Derivation  of 


Using  equation  {2,1b)  or;)  gets 


u2(x, 


2,  _  .  "2 


h„  dw° 


-  -r)  =  + 


2  dx  *  v  "  A13L  8  {A+A55'  .  7 

I  X 


h_  h„ 

~  (i’+Ae.-)  ~v~  +  G-,  }  +  [An,  Qt 

w  1 


V  lo  T  1  13  w55,  6 


1 


99 


"  (1+^55)1  h2  +  n+*Qss\  4 


( A+A55)  x  h2 


h: 


+  Et?  +  A^.l  Qfi  ~  A 


1 1  V,  T  1  "35j,  96  n33  i ,  384 

2  *  x  •  1 


3A 


,2 

d  t 


64  h2  +  F1J  -  2  +  ' ~  A33  Q55  j  48 

nv  ‘  1 


*  A33  °55|,  480 


-  h-.~  b_Z 


/  h| 

33  ^\±  48 


A33  °T1  8 


d2<J>  ,2 

x2  -  b2 
*33 1  x  y55|  x  24  L’lJ  ~d~  +  ^33^  ~Q 


4  ->  1  Qcc  1  "**  3 


da 

+  Hl>  TGT  »  «° 


Upon  simplifying  one  gets 


,  ,  du°  , 

,  h2,  _  h2  2  ,  ,  h2 

u2(x'  "  2 ) x  "  2  dx  +  A13  j  x  8 


3h, 


-  (A+A..,. ) 


55'  ,  4 


+  g1]tq  +  [S13  Q55 j  ^  62  (h-aq55) 


2h, 
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+  *1>  V  +  lm  S33,,h2  +  px)  IT2 


2 


H 


dx 


d2$ 

*  x* 

+  [4M  A33  ^55 1  x  h2  +  Dl3  ~^T 


h;  da 

+  t_  A33|x  T  +  Hl]  "dx  +  131  2(X) 


(2.150) 


similarly  using  (2.146;  with  K  =  2M  +  1  the  relation 
h_ 

for  (x,  -—)  involves 


u3  (x,  -y)  = 


h~  dw° 
T  "dx~ 


+  [A 


h-  _  h_ 

13|*...,  T  +  (A+A55}  ~ 


2M+1 


2M+1 


+  G2M+1  +  (A+A55)„...,  41  To  +  A13  Q55|^„i1  63 


2M+1 


2M+1 


+  (1+AQ55)  h_  -  (1+AQ  )  -j  +  E2M  - 

2M+1  *  33  2M+1  J 


+  (A+A55L...,  b554o...,  h3]  *x-  +  IA33|,m,,  96 


2M+1  7 1 2M+1 


2M+1 


’O 
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+  F„,,t ,  +  A 


3hl  d2r 

31  _ o 

C  4  *»  O 


2MW  ^33|2b+1  384  "  “33|2h+1  64  ax2 


+  [A33  Q55i 


Aoo  Q 


33  U55'2M+1  480  +  &33  b5/l2Mrt  4 


5  2M4-1 


4°  h2 

*  -  *  f  ^3  -  - 

}2M+1  ”  A33  “j^M+l  T  "  A33  Q55j 


2M+1 


,3  d24> 

^  X3 

24 J  ,  2 


+  t-  A 


+  nOMLl]  -^+u°  (x) 


33i2m+i  8  2M+1  dx 


Upon  simplifying  once  again  one  gets 


h3 

u3(x,  -j-i  = 


14o  O  _ 

“  T  “cGT  +  tA13  | 


2M+1  8  +  ‘  55>2M+i  4' 


*  h-  2h„ 

+  G2M+1]  To  +  t_  A13  Q55|2m+1  T  +  U+AQ55)2m+1  1“ 


3  2 

*  _  13h3  *  At 

+  E2M+1]  *x3  +  A33|2m+1  "384  +  F2M+1]  JT~ 


11  -  - 
480  33  g55| 


3  *  . 

^3  +  D2M+1^  2 

2M+1  dx 


m  co 
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[”  ^“3'3  |  O 


*W  *T  *  »°3<*> 


(2.151) 


Substitute  equations  (2.150)  and  (2.151)  into  (2.149) 
to  get  the  first  governing  equation: 


o  o 

T  0  h_  dw  _  h_  dw  h,, 

c;=U2(X)  ”  U  3(x)  +  T  “dx"~  +  ~2  ~dx~  *  I_  *13 17  if 


_  h-,  3h_  _  3hu 

“  *13 1  ~8~  ~  (A+A55)  4  ”  (A+Ag,.)  — 

1-3 ' 2M+1  0  ”  i  ^  5:5  2M+1  4 


+  G1  G2M+1]  to  +  ^x2  *13  ^55 1 x  6  +  *13  ®55 | 2M+1  6  ^x 


-  a+M5s\-r  V(1+a555) 


-X1  K  +  Ei 
2M+1  x3  1  X2 


“  E2M+1  ^x3  +  [384  *33^  h2  +  A33|2m+1  h3 


d2r  _  d\ 

+  Fi  F2M4  l]  +  480  *33  ®55|  ^  h2  TjTT 


1 


-  103  - 


a\ 


d2<J> 


X. 


+  533  °55|2m+1  h3-T+Dl^T-  D2M+1  — f 


+  A33L  8  +  A33  i 


2M+1 


*2 

-#  +  hj 


*  d0O 

tt  1  ,V, 

k2M+1j  dx 


Upon  rearranging  this  equation  and  defining  several  new 
parameters,  the  resulting  equation  is 


t  h~  dw°_  h0  dw°-,  d2T 

cj  -  +  u°2<x)  -  UVX)  T  -sr +  4  TET  +  p  *o  +  f 


d2<j>  d2<p 

*  ^x~  *  _  do 

+  q  <i>  -q  4»  +  s  - 2~  s  - /  +  t  ^  (2.152) 

x2  x3  dx  dx  ax 


where : 


h9  h_  _  3h„ 

P  =  f"  *13^  ~8  -  A13|2m+1  T  "  (A+A55)1  “4" 


3h-.  * 

<i+*5S>  ,  -T  +  G1  -  Shh-I1 

2M+1 


(2.153) 


104 


r  "  *384  ^33 1  x  h2  +  384  ^33 1 2M+1  h3  +  F1  “  F2M+l^"*i54i 


_  h_  2h_ 

9  -  <*13  QS5|.  -t-  <1+«55>.  —  +  Ei! 

1  1  J. 


(2.155) 


*  h  _  2fc,  * 

9  =  A«  °5S  1 2M+X  "6  +  (1+4Q55)2M+1  ~5"  +  E2M+1’ 


(2.156) 


s  480  ^33  ®55 | x  h2  +  D1 


(2.157) 


*  11  - 
s  —  Ann  -J  Q 


3  * 

480  “33  W55|2m+1  n3  ~  °2M+1 


(2.158) 


t  =  I"  A„,  —§•  +  A 


33 1  x  8  “33 


2M+1 


T  +  hi 


H2M+l^ 


(2.159) 


(b)  Equation  (2.148)  -  Derivation  of 

Differentiate  equation  (2.148)  with  respect  to  (x) 


dw2 

dx 


(x, 


dw3 

dx 


(x. 


dao 

dx 


(2.160) 
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Substituting  in  equation  (2.58)  with  K  =  1  and  t 

dw-  OU 

and  its  derivatives  =  0  ,  relation  for  -3 —  at  z  = 


dx 


-  -y  is  obtained. 


dw  h 

"dx  <x'  "  "T> 


dw  2  _  tq 

dx  “  ^13 | x  T  +  A13  ^55 | x  * 


X. 


2  2  2  2 

h2  h2  3h^ 

+  ^3^  16-  "  A33|x  48  +  A33  j  ^  1T]  ~~2 


h 


+  t"  Qcci  -4  +  Q 


55 1  x  8  .  r.\ 


2 

48 


.2. 

a  4> 


x. 


+  attr  -?J  A 


!  6'J  33 1  ^  dx2- 


“  a 


Simplifying  this  relation  one  gets 


CiW  -  A  *  ry 

tI  (x'  -  x> 


hu  dw° 


dx  “  *13^  2  +  A13  ^55  J  ^  * x2 


.  _5_  r  h2  d2-ro  -  - 

4  48  A33 | x  h2  dx2  +  16  A33  Q55 | 


d\ 

2  2 

l2  "  “2" 
dx 


1 


c 
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-  A 


h0  da 
2  _ o 

33 1 1  2  dx 


(2.161) 


A  similar  relationshiD  for 


aw. 


dx 


can  be  obtained  for 


z  =  +  by  employing  equation  (2.147) 


dw,  h,  dw  , 

J  J 


ax 


lx'  dx  AjL3l2M+l  2  +  A13  Q55  J 


2M+1  x3 


3  - 

+  16  A33| 


h 


2M+1 


2  d2r 

4lA33|2M+i+liK33|2M+1h3J  7^ 


+  A33  Q55| 


2M+1 


■T  +  A33  Q55|2h+1  if 


A33  b5>§  | 


3  - 

m  7V 


2M+1 


h 


,  -2, 

2  a  (J) 


x. 


T  +  A33  Q55| 


2M+1  ®  "  dx2 


+  A 


^  ^o 

33|2M+1  2  dx 


Again, simplifying  the  previous  expression  yields 


Li 


j  i 


!  !  ? 

i.-j,  i 

4 

;  "1 

r  *  i 

•  !  |  i 


;  i  i 

)  ^  l 
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dw3  h3  dw  3  tq 

•gj-  (x,  -y)  =  “dx  A13l2H+1  -  +  fl13  Q55|2h+1  % 


+  -Jr:  A 


,2 

0  d  x  , 

2  o.  1  r 


48  3 3 1 2M+1  3  dx2  16  33  °55l2M+l  3  dx 


d2<j> 

2  x3 

3  -2 


t  A 


33 1 2M+1  ^ 


(2.162) 


Substituting  equation  (2.161)  and  (2.162)  into  (2.148) 
gives 


1  dno  dw°2  aw°3  ,  ■  Al3lj  +  Al3U+l  , 

C„  dx  dx  dx  1  2  ?.  J  T( 

N 


o  Qcci  ""  Q 


13  “55 1 J  *x2  -  "13  “55|2m+1  *x 


+  [48  A33 | 1  h2 


d2 


+  16  A33  Q55|.  h2  ,2  16  A33  Q55 1 


,2 , 

d  (b 

2  x2  1  - 


1  *  dx 


d2<}. 

2  x3 

A3  2 

2M+1  J  dx 
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h„  h_  da 

+  [-  *33^  T  "  A33|2m+1  T1  -55T 


Again  rearranging  the  terms  of  the  above  expression  and 
introducing  new  parameters,  the  resulting  equation  is 


,  da  dwu0  dw^_  d2r 

ji-  -  -s-^  -  -jT-1  +  u  x  +  B  — ^ 
CN  dx  dx  dx  o  dx2 


d2<J>  d2sf> 

x2  *  x3  * 

+  Y  - 2~  "  Y  - T~  +  v  <J>  "  v  <pv  ~  z 

dx^  dxz  x2 


da 


(2.163) 


where : 


u  = 


S«I2M+1  *»lx 


(2.164) 


o  _  5  -  H2  5  r  .2 

3  "  48  A33|x  h2  "  48  33|2M+1  h3 

h2 

Y  =  ^33  ^55 | x  if 


(2.165) 


(2.166) 
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Y  = 


A33  Q55 ! 


2M+1 


_3 

16 


(2.167) 


V  =  A13  Q55| 


(2.168) 


v  =  A,,  Q 


13  55  ^  2M+1 


(2.169) 


-  ^2  A3 

Z=A33  ,  ^  +  A33|2m+1  — 


(2.170) 


Note  that  the  (1)  designation  implies  the  lamina  of  the 
upper  laminate  that  is  adjacent  to  the  adhesive.  The 
(2M+1)  designation  implies  the  lamina  of  the  lower  lam¬ 
inate  (Part  3)  that  is  adjacent  to  the  adhesive. 

2 .  Overall  Equilibrium  Equations 

The  equilibrium  equations  for  Parts  (1),  (2), 
(3)  and  (4)  will  be  derived,  considering  differential 
moment  and  axial  load  effects.  Shear  and  normal  stress 
erfects  are  also  considered  where  applicable. 


Ill  - 


zmd 


0 


M 

X 


aM 


M  - 
x 


1ST  dx  +  Qx  dx 


0 


(2.173) 


Part  (2) 


(2.174) 
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3.  Summary  of  Governing  Equations  and  Unknowns 

There  follows  on  pages  114-119  a  summary  of 

the  pertinent  equations  necessary  to  effect  a  solution 

to  the  problem  at  hand.  Note  that  t  T  =  t  =  t  and 
c  oL  ou  o 

0  _  =  a  =  0_  where  necessary. 
oL  ou  o  J 

Parts  (1)  and  (4) 

The  governing  equations  for  parts  (1)  and  (4)  are 
summarized  below  using  equations  (2.106-2.111)  and  (2.171- 
2.173)  . 

dN 

S  =  o  (2.180) 


dQ 


x 


dx 


=  0 


(2.181) 


dM 

-dr '  Qx  -  0  <2-182> 


M 


X 


+  F 


(2.183) 
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a3$ 


N  =  A 

X 


X 


dx' 


d$x  -  du° 
+  B  ~  +  A  2H_ 
ax  ax 


(2.184) 


Qx  =  K5  *x 


(2.185) 


The  unknowns  are  N  ,  Q  ,  M  /  w°  ,  <j>  ,  u° . 

X  X  X  X 

Upon  inspection  one  notes  that  there  are  six  equations 
in  six  unknowns  and  thus  parts  (1)  and  (4)  possess  a 
determinant  solution. 


Part  (2) 


The  governing  equations  relating  to  part  (2)  can 
be  summarized  employing  equations  (2.112-2.114)  and 
(2.174-2.176) . 


dN 

_ —  T 

dx  o 


0 


(2.186) 


dQ 

x  _ 

dx  o 


0 


(2.187) 


dM 
_ x 

dx 


-  Q  +  T 
x  o 


_2 

2 


0 


(2.188) 
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,2  ° 
G  w  . 


d3$ 


X. 


dT. 


M.  a  -  D 


112  dx2 


+  F  - Tf-  +  G 

dx'} 


d*x  d3x 

— +  H  — ^  +  I  ~=~ 

dx  -.3  ax 

ax 


(2.189) 


d\. 


dA 


Nx  =  A 


dx 


•k—  +  B  —=— 
3  dx 


3  2 

dJt  ax  da 

+  C  — =2  +  D  _2  +  E  — *2- 
dx3  dx  dx2 


au°. 


+  A 


11  dx 


(2.190) 


Q  =  -v  x  +  Kc  d> 
vx  2  o  5  Yx, 


(2.191) 


Inspection  of  equations  (2.186-2.191)  reveals  that  there 

are  eight  unknowns,  namely,  N  ,  Q  ,  M  ,  x  ,  a  , 

w °0  r  <J>  ,  u°  while  we  presently  only  have  six  inde- 

*  x2  1 
pendent  equations. 

Part  ( 3 ) 


The  governing  equations  relating  to  part  (3)  can 
be  summarized  by  employing  equations  (2.116-2.118)  and 
(2.177-2.179) . 

dN 

x 


0 


(2.192) 


117 


dQ 

— —  +  a  =0 
dx  o 


(2.193) 


dM  h 

at  -  Qx  +  To  T  =  0 


(2.194) 


ja  2  o 

d  wx 


d34) 


m  =  -  d"  — 0- 

x  113  ,  2 

dx 


3  * 

+  F 


d$ 

x_  x 

—  +  G* 


dx' 


dx 


,3 

o  *  d  T 
3  +  H  — =2. 


dx' 


dx 

.*  o 
L  dx 


(2.195 


d3i 


d* 


N  =  A 
x 


*  if  S“A  1  ft  1c 


d3x 


dr  *  do 


dx 


^ —  +  B  — ^ 

3  dx 


--5-  +  D  -3-=*  +  E  - 7T 

-__3  dx  .2 


ax 


ax 


_*  du  °3 
+  A11  ~dx~ 


(2.196) 


ii  * 

0  =  -TT  T  +  Kc  4> 

x  2  o  5  Tx- 


(2.197) 


Inspection  of  equations  (2.192-2.197)  reveals  that  there 
ar;  eight  unknowns,  namely,  N  ,  Q  ,  M  ,  t  ,  o  , 
w°,  ,  ,  u0.,  of  which  six  are  nonrepetitive  as 

J  J 
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tq  and  oq  were  also  found  in  part  (2) .  Again  we  have 
six  independent  equations. 


4.  Equations  Necessary  for  a  Determinant  Solution 
of  Parts  (2)  and  (3) 


Parts  (2)  and  (3)  have  twelve  equations  but 

fourteen  unknowns  as  t  and  a  are  the  same  for  both 

o  o 

parts.  Thus,  two  more  equations  are  necessary  to  make  the 
problem  a  determinant  one.  These  are  provided  by  the 
stress-strain  relations  of  the  adhesive  given  by  equa¬ 
tions  (2.152)  and  (2.163),  namely: 


t  h„  dw°  h_  dw°_  d2x 

c~  tst  +  t  ~sr  +  p  To  +  r  rr  +  <*  '•'x, 

s  ax  2 


d2<J> 

*  a  ,  x2  ,  * 

q  <J>  +  s  — o-  +  s 

x3  dxz 


d2<J> 


dx 


x0  da  _ 

a-  +  ^  —  +  u  0 

2  dx  2 


-  u 


3 

(2.198) 


,2 

d  t 


d2(j) 


X. 


,  do  dw°0  dw0o  v.  l 

1 _ 2.  =  _ i - 3  -  +  g  _ o  _ 2 

CM  dx  dx  dx  u  To  p  .  2  +  Y  ,  2 

N  dx  dx 


d2  <f> 

-  y  - -  +  v  &  -  v"  4» 

dx  x2  x3 


z 


ffo 

dx 


(2.199) 


Note  that  equations  (2.180-2.199)  reduce  down  to  the  more 
conventional  relationships  when  an  isotropic  material  is 
considered  and  transverse  shear  and  normal  stresses  are 
neglected. 
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SOLUTION  OF  THE  GOVERNING  DIFFERENTIAL  EQUATIONS 

The  solution  of  the  equations  presented  on  pages 
114-119  will  now  be  determined.  A  solution  to  parts  (1) 
and  (4)  will  first  be  attained.  Subsequent  to  this  a 
solution  of  parts  (2)  and  (3)  will  collectively  be  attained 
by  employing  the  stress-strain  relations  of  the  adhesive. 


F.  SOLUTION  OF  THE  GOVERNING  DIFFERENTIAL  EQUATIONS 

OF  PARTS  (1)  AND  (4) 

The  six  governing  equations  are  given  by  equations 
(2.180-2.185)  on  pages  114-115.  Substitute  the  relations 
for  N  and  Q  ,  namely  equations  (2.184-2.185),  into 
equations  (2.180)  and  (2.181),  respectively. 


d% 


x 


d2<J> 


dx' 


dx 


x  +  ^  dV  =  0 

dx 


(2.200) 


a<}>x 

A5  dx  U 


(2.201) 


From  equation  (2.201)  it  follows  that 


and  its 
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higher  derivatives  are  zero.  Thus,  at  most  4*x  ~  constant. 
Equation  (2.200)  reduces  to 


dx' 


Therefore , 


— 1  =  0  (2.202) 

ax 


and  its  solution  is 


u°  =  a  +  bx 


(2.203) 


Based  on  the  result  of  equation  (2.201),  namely  that 
d<{> 

=  0  equation  (2.183)  reduces  to 


M 


x 


.2  o 
d  w 


(2.204) 


Moreover,  referring  to  Figure  1  on  page  34  one  can  dis¬ 
cern  that 


Mx  =  T  cos  G  [0  X1  -  w°(x)]  (2.205) 


°  1  X1  1  L1 
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:i 


! 


where  (6)  represents  the  angle  between  the  X^  -  axis 
and  the  line  of  action  AB  of  the  applied  force  (T) 
and  is  approximately  equal  to 


9  = 


(h2+h3) 


2(L]+L2+L4) 


(2.206) 


Thus,  equating  equations  (2.204)  and  (2.205)  one  gets 


d^w^ 

-  D. .  - =  T  cos  9  [0  X  -  wO(x)] 

dx  1  1 


a* 


\ 

*  » 


Rearranging  terms  gives 


d  wi  .  T  cos  9  „  „  .  t  cos  e  9  x 
.2  D, t  W1  D, .  °  1 


dx 


'11 


'11 


(2.207) 


The  solution  to  equation  (2.207)  can  be  succinctly  writ¬ 
ten  as 


w°(x)  =  E  sinh  KX1  +  F  cosh.  KX^  +  0  (2.208) 


m\  ! 


o  ^ 


where  K2  =  T  cos  8 


D 


11 


If  the  upper  and  lower  adherends  are  not  identical 


-H 


I 
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in  geometrical  make-up  and  influenced  fay  exactly  the 
same  boundary  conditions,  then  the  deflection  equations 
for  parts  (1)  and  (4)  will  be  different,  therefore,  the 
general  solution  for  w£(x)  will  be  determined. 

2gain  referring  to  Figure  1  on  page  34  one  can 
discern  that 


Mx  =  -  T  cos  0  [6(L4  -  X4)  +  w|(x)j  (2.209) 


°  1  x4  <  l4 


Again  equating  equations  (2.204)  and  (2.209)  gives 


d2w4 

-  D.  14  — j-  =  -  T  cos  6  [0(L4  -  XJ  +  w°(x)] 
dx 


Rearranging  terms  gives 


d2  0 

«  +  2Lggs -±  [0(l4  -  X4)  +  wj(x)]  (2.210) 


dx 


'114 


Again  ti.e  solution  to  equation  (2.210)  can  succinctly  be 
written  as 


w°4(x)  = 


-  0  (L4  -  X4)  +  E  sinh  K  X„  +  F  cosh  K  X 


4 

(2.211) 


°  1  x4  1  L4 
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BOUNDARY  CONDITIONS 


Employing  certain  boundary  conditions  one  can  now 
get  specific  solutions  for  the  inplane  displacement  and 
lateral  deflection  in  part  (1) . 

1.  Boundary  Conditions  for  u|  -  (2  needed) 

Assuming  our  reference  point  for  inplane  dis¬ 
placements  to  be  at  =  0  and  that  continuity  of  dis¬ 
placements  between  parts  (jl)  and  (2)  at  their  common 
boundary  must  exist  one  can  state  the  two  conditions 
necessary  to  effect  a  solution  for  u£(x)  ,  namely: 

u? (o)  =  0  (2.212) 

U1(L1)  =  U2(o)  (2.213) 

Employing  equations  (2.203)  and  (2.212) 

u|(o)  =  0  =  a  +  0 

0  =  a 
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Thus  equation  (2.203)  becomes 

u£(x)  =  bx  (2.214) 

However,  by  employing  equations  (2.180)  and  (2.184)  one 
gets 


dN  .2  o 

=  A  2-S  _  0  (2.215) 

dx  dx2 


Thus,  N  =  A  —a —  =  constant  at  most  which  in  this  par- 

X  UA 

ticular  case  is  the  applied  load  =  T  cos  8 


Therefore, 


dul  _  b  T  cos  8 
dx'  r 


(2.216) 


Thus,  in  final  form  the  inplane  displacement  in  part-  (1) 
is: 


u°(x)  =  ------  X  (2.217) 

A 

2 .  Boundary  Conditions  for  w?(w^)  -  (2  needed) 

Since  at  this  time  one  is  considering  only 
adherends  of  an  identical  nature,  if  one  solves  explicitly 
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equation  (2.208)  for  w£(x)  a  solution  for  v;|  (x)  is 
also  obtained  as  w£ (x)  =  -  (x)  .  This  is  only  true 

when  both  adherends  are  identical. 

A  solution  will  be  rendered  assuming  that  at  the 
end  (X^  =  0)/  the  end  is  supported  from  moving  later¬ 
ally  and  at  the  end  (X^  =  L^) ,  the  lateral  displace¬ 
ments  are  continuous.  Thus,  the  boundary  conditions  are 

w£(o)  =  0  (2.218) 

w£(Lx)  =  w° (o)  (2.219) 

Employing  equations  (  2.208)  and  (2.218)  will  give 

w£(o)  =  F  =  0 


Therefore 


w£(x)  =  E  sinh  KXX  +  0  X,  (2.220) 

The  evaluation  of  (E)  will  be  determined  later  in  con¬ 
junction  with  the  solution  to  part  (2) . 

3 .  Boundary  Conditions  for  u^ (x)  -  (2  needed) 
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One  can  obtain  the  necessary  boundary  conditions  by 
seeking  continuity  of  the  inplane  displacements  at  the  in¬ 
terface  of  parts  (3)  and  (4) .  Also  it  is  obvious  that  the 
axial  load  at  the  far  end  (X^  =  I>4)  must  equal  T  cos  8  . 
Therefore,  the  boundary  conditions  are: 

W  =  T  cos  6  (2.221) 

U4(X4  =  0)  =  U3(L3)  (2.222) 

Employing  equations  (2.203)  and  (2.216)  gives 

du® 

Hx  =  *  dx  S  B  (2.223) 

Employing  boundary  conditions  (2.221)  gives 

A  b  =  T  cos  8 


Therefore, 


b  = 


T  cos  8 
A 


(2.224) 


Thus, 


U°(x)  =  A  +  2-S21  6  v  (2.225) 

A 

Again,  the  evaluation  of  the  constant  A  will  be  found 
at  a  later  time. 


Parts  (2)  and  (3)  -  Determination  of  w° 


To  effect  a  solution  of  the  constant  (E)  and  in 
turn  w£(x)  the  following  analysis  is  performed. 


Adhesive 


Part  2 


Part  3 


FIGURE  (2-6) 


Referring  to  Figure  6,  assume  the  part  of  the  two  sheets 

which  overlap  parts  (2)  and  (3)  is  a  homogeneous  plate 

with  a  discontinuous  thickness  and  neutral  plane  at  the 

ends  of  the  joint  section.  The  resulting  deflection  of 

this  section  will  be  defined  as  w°  .  It  is  necessary 

to  find  w°  in  order  to  calculate  the  moments  (M^  ,  M^) 

and  the  shears  (V,  and  V  )  defined  on  Figure  2,  page 

36.  These  in  turn  are  necessary  to  solve  for  tq(x)  and 

a  (x)  later  on! 
o 


that 


Referring  to  Figure  1,  page  34,  one  can  discern 


M  =  T  cos  0  [0  (L.  +  X2)  -  w°  -  -j-] 


(2.226) 


0  1  x2  1  Lo 
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Alternately  the  moment  Mx  should  be  such  that 

A2’-' 

M  =  -  Dni  (2.227) 

x  J"L  dxz 

One  should  note  that  this  part  of  the  solution  is  only 

valid  for  two  equal  thickness  laminates,  as  it  assumes 

2 

a  thickness  of  (y)  in  equation  (2.226)  to  bring  the 
deflection  to  the  neutral  plane  which  is  the  glue  line. 
Also,  D1;l  is  the  bending  stiffness  of  the  total  thick¬ 
ness  (l^+hg)  referred  to  the  glue  line  as  its  neutral 
plane. 

4M+2  HK  2  sum  over  the 

D. i  =  E  /  Q. , |  z  dz  {total  thickness  }  (2.228) 
K=1  Hk_x  j"l*K  of  both  adherends 

Equating  equations  (2.226)  and  (2.227)  gives 


Let 


T  cos  6 


Therefore , 


I 

I 


Referring  to  the  form  of  equation  (2.207)  and  its  gen¬ 
eral  solution  as  given  in  equation  (2.208)  one  can  dis¬ 
cern  the  solution  to  equation  (2.230)  to  be 


I. 


Boundary  Conditions 


Since  the  analysis  is  presently  restricted  to  two 
laminates  of  equal  thickness  and  material  properties,  the 
deflections  and  slopes  of  parts  (1)  and  (4)  are  anti-sym¬ 
metric  about  the  z-axis.  Thus,  to  get  a  complete  solu- 

/V 

tion  of  equations  (2.220;  and  (2.231)  where  E  ,  A  ,  and 

A 

B  are  unknown,  one  needs  three  boundary  conditions. 

In  summary  we  have 


w£(x)  =  6  Xx  +  E  sinh  K  X-j^  (2.232) 

A  A  /\  A  h0 

w° (x)  *  A  cosh.  K  X  +  B  sinh  K  X  +  9  (L1  +  X2)  -  -~ 

(2.233) 

From  page  127  comes  our  first  boundary  condition,  namely, 

wJ(L1)  =  w° (o)  (2.234) 


Realizing  that  the  slopes  at  the  interface  must  match, 
our  second  boundary  condition  is 


dx 


dw° (o) 
dx 


(2.235) 
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ft  -  ■  .. . -i  l. . r  . -Min-  i  . . - 
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Finally,  because  of  the  restriction  of  equally  thick 
laminates  and  parts  (1)  and  (4)  giving  antisymmetrical 
deflection  equations  about  the  z-axis,  the  third  bound¬ 
ary  condition  is 

-  L2 

v(— )  =  0  (2.236) 


Employing  equations  (2.232-2.234)  gives 

„  ~  h_ 

0  L1  +  E  sinh  KL.^A+6  1^--^ 

A  jQ 

A  =  E  sinh  K  Lx  +  -|- 


(2.237) 


Differentiating  equations  (2.232-2.333)  and  making  use 
of  equation  (2.235)  yields 


dw° 

— —  =  0  +  KE  cosh.  K  X-j^ 


(2.238) 


134 


5 

f 


Substituting  equation  (2,233)  into  boundary  condition 
equation  (2.236)  gives 


A  A  IlA  A  A  III. 

0  =  A  cosh  K  ~  +  6  sinh  K  +  6  (L,  +  -tF) 

.<  i  A.  £. 


2 

~T 


solving  for  B  and  using  (2.237) 


B  =  - 


h  „  L„ 

(E  sinh  K  Lx  +  -j)  cosh  K  ~ 


1*2 

0  (Li  +  -#>  +  -f 


sinh  K 


J2 


(2.241) 


If  one  now  substitutes  equation  (2.240)  into  (2.241)  a 
solution  for  (E)  emerges. 


KE  cosh. 
K 


K  Lx 


(sinh. 


-  E  sinh  K  cosh 


cosh 


0  (Lx 


E 


cosh 


K  cosh  K  Lj,  sinh 

+ - * - 

K 


+  sinh 


K  cosh 


r'aif ,  'iTinV  |j  WfciUa&totehtiafcfcU i 


-  ...  .fe  £.  e_ .  i  > 
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However, 


-  e  (Lx 


2  (Li4“r} 


h 

_2 

2 


for  two  equal  laminates.  Thus, 


E 


cosh 


+ 


K  cosh  K  sinh 

- 2- - 

K 


+  sinh 


K  L1  cosh. 

A 


(2.242) 


Note  that  A  and  B  can  be  found  if  desired  using 
equations  (2.237)  and  (2.240) ,  respectively.  Also, 
w° (x)  can  be  found  as  w^ (x)  =  -  w£ (x)  for  two  equal 


laminates . 


0  • 


CALCULATION  OF  AMD  (FOR  EQUAL  LAMINATES 

EQUAL  TO  -  M4  ,  -  V4  ) 


It  is  presently  desirable  to  determine  M^(L^) 
and  Q^(L^)  at  the  interface  of  parts  (1)  and  (2).  In 
turn,  these  numerical  relations  will  be  used  as  boundary 
conditions  to  obtain  a  solution  for  the  coupled  solution 
of  parts  (2)  and  (3) . 


Differentiation  of  equation  (2.220)  twice  with  respect 
to  (x)  gives 

a2w? (x)  ~ 

- —  =  K  E  sinh  K  X.  (2.243) 


Recalling  that 


M1(x)  = 


D 


11 


d2w£  (x) 
dx2 


(2.244) 


and  the  value  of  the  moment  is  desired  at  =  L^  , 
one  gets 


-  D 


(52w°(Li) 


11 


dx 


2 


-  Dj.  K  E  sihn  K  L. 


but 
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2  T  cos  6 


Therefore , 

For  equal 

Mi (I«i)  =  T  cos  0  E  sinh  K  {laminates  only  (2.245) 

and 

M4(o)  =  -  M^I^)  (2.246) 

Moreover,  if  one  uses  equation  (2.182),  namely 

dM 

-  Q  =  0  (2.247) 

dx  x 

one  can  find  Q^(L^)  •  Substituting  equation  (2.243)  into 
equation  (2.244)  and  differentiating  w/R(x)  gives 

dM  d3w? 

■—  =  -  D. .  — ^  =  -  D. .  K  E  cosh  K  X.  (2.248) 

dx  ll  .  o  li  l 

dx 

Substitute  (2.248)  into  (2.247)  one  gets  an  expression 
for  Q 

X1 

-  D1JL  K3  E  cos  H  K  Xx  =  Qx 


K 


GENERAL  SOLUTION  OF  THE  GOVERNING  EQUATIONS  FOR 


PARTS  (2)  AND  (3) 

The  solution  of  this  section  will  yield  the  equa¬ 
tions  necessary  to  calculate  xo(x)  and  oq(x)  *  Funda¬ 
mentally,  fourteen  equations  in  fourteen  unknowns  will  be 
reduced  to  two  coupled  linear  nonhomogeneous  differential 
equations.  These  in  turn  will  be  uncoupled  per  certain 
considerations  leading  to  a  solution  for  the  shear  stress 
and  normal  stress  distributions  in  the  adhesive. 

The  fourteen  equations  in  fourteen  unknowns  are; 

Note  that  subscript  2  denotes  part  (2) ,  and 
subscript  3  denotes  part  (3) . 


(2.252) 


dx 


a 

o 


0 


(2.253) 


dM0  h 

HZ  ~Q2  +  ^0-7=  0  (2'254) 
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140 


(2.255) 


0 


(2.256) 


j 

i 

( 


<3H_  h, 

si  -  q3  +  To  -T  “  0 


(2.257) 


d2w~ 

m2  =  ~  D112  - 1  +  F 

2  J"U  dx~ 


d3^ 


dx 


x9  ^x,  d3x  dr 

J-  +  G  -s-i.  +  H  — ■*£  +  i 
3  ax  .,3  dx 


ax 


(2.258) 


d34>  dd>  ,3  , 

Tx~  yx~  d  t  dx 

T0  =  A  - -  +  B  +  C  — ~  +  D  +  E  - 

2  .3  dx  .3  dx  .2 

dx  dx  dx 


d2a  dfi° 

_ 9.  +  a  _ ^ 

A  dx 

(2.259) 


°2  “  T  To  +  K5  V 


(2.260) 


*  d2w3  * 

M3  =  "  °113  — T-  +  F 
J  ±1J  dx 


d3<{. 


X- 


+  G 


* 


dx* 


dx 


+  H 


.3 

*  d  T, 


+  I 


dx* 


dr 

o 

dx 


(2.261) 


d34> 


X- 


T  =  A 


+  B 


d<j>x 

* 


dx* 


ax 


+  C 


*  d\ 


dx 


dx 


~  +  D  ~r  +  E 
3  dx 


d  a 


dx' 


_*  • 


+  A 


dx 


(2.262) 


* 
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°3  ”  "T  To  +  K5  V 


{2.263} 


^2  ^W2  ^3  *^w3 


d2X' 


+  ~T  +  <P  “  <H  t  +  r  — 5-  +  q  6  -  q  6 


2  dx  2  dx 


V  *°  '  ‘  dx2  -  *  x2  ‘  x3 


d2$  d2<{>  , 

x,  *  vx-  da 

+  s  - rr~  +  S  - y~  +  t  -J*-  +  u°2  -  u  3  =  0  (2.264) 


dx 


dx 


,2t  d2$  d2<f> 

dx  -  t#  +  u  To  +  6  — +  y  ~rr  -  y  — ^ +  v  ♦, 


dw°  dw° 


dx  dx 


dx 


*  i  da^ 

V  S-ff^TGT-0 


(2.265) 


To  reduce  these  fourteen  equations  to  two  coupled  equa¬ 
tions  in  two  unknowns  the  following  manipulations  are 
performed.  Differentiate  equation  (2.264)  w/R(x)  twice 


h,  d3w°  h,  d3w°  _  .  d2T 

+  -*•  — r-  +  (P  -  £-)  ~^~2~  +  r 


2.3 

dx 


2  73 
dx 


dx 


a4. 


dx 


+  q 


d2<J) 

t 

—  2 
ax 


d2<{. 


X, 


d4(|) 


x 


-  q 


.  2 
ax 


+  S 


2  * 
-  +  S 


d4<j> 


X- 


d3a 


+  x 


o 


dx 


dx 


dx' 


!  ,  1  j'-l  jHinAif  j  .  -  .  ■  i 


****<h#''fc  W 
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,2  o  ,20 

d  u  _  d  u  , 

+  - - - -  =  n 

,2  .2  u 

dx  ax 


(2.266) 


Also  differentiate  equations  (2.259)  and  (2.262)  w/Rlx^ 

d  u 


substituting  the  results  into  equation  (2.266)  for  — 


Combining  terms  and  using  relation  (2.252)  and  (2.255) 


yields 


.  .2  o  ,  ,3  o  ,2 

h«  d  w  h,  dw,  .  *  d  t 

2.3+2  3+'P  C  -  +-*)  2 

dx  dx  s  A  A  dx 


*  d^T  d  ^x 

+  (r  -  +  zi-)  — ^  +  (S  -  ^)  - f 

A  A  dx  A  dx ' 


*  d4<J,x  d\  *  d2^x 

,  tc*  ,  A  x  X3  .  /_  B,  2  ,  ,  ,  B  x  X3 

+  (S  +  -*-)  - 7—  +  (q  -  — )  - 5—  +  (-q  +  — *)  - 5— 

A  dx  A  dx  A  dxz 


+  (t  -  |  +  £*•)  +  T  [i  +  =  0 

A  A  dx  A  A 


(2.267) 


Rearranging  equations  (2,260)  and  (2.263)  gives  the  fol¬ 


lowing  general  relationships 


°N  h2To 


K5  2K5 


(2.268) 


Ufa,  ■ "V  -  ■ 'i  .i-i  ^  im  ,-rrt  v  - 
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Also, 


-2a 
Q  4> 


*N  _  1  d  QN  k2  d  To 


K5  dx2 


2KC  ,  2 
5  dx 


A 

% 


1  d\  h2  dMxo 


dxM  K5  dxM 


2K5  dxM 


Moreover,  from  equation  (2.253) 


dX  '  dx2 


,N-1 
d  o 


dNQ, 


dx 


K-l 


dx 


N 


Subtracting  equation  (2.256)  from  (2.253)  gives 

dx  dx 


.  >_t-  ■*.  Ou  - 


(2.269) 


(2.270) 


(2.271) 


(2.272) 


2.273) 


(2.274) 
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and  in  general 


dNQ2  dNQ3 


dx 


N 


dx 


N 


(2.275) 


If  one  integrates  equation  (2.274)/  there  emerges  a  re¬ 
lation  for  the  shear  in  the  two  adherends,  namely. 


Q2(x)  +  Q3(x)  =  Vx  (2.276) 


Substituting  equation  (2.258)  into  (2.254)  a  relation 

d3w| 

for  — can  be  found.  Similarly,  substituting  equa- 
dx-3 

tion  (2.261)  into  (2.257)  results  in  an  expression  for 

d^w| 

— .  Substitute  these  relations  plus  equations  (2.268- 
dx 

2.275)  into  equation  (2.267). 
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U 


p  d  Q2 


Fh-  d4r 
2  O 


G  d  Q2 


Gh0  a2T 

2  O 


112 


K5  dx4 


2K5  dx4 


K_  ,  2 
5  dx 


2KC  .  2 
5  dx 


'''Mriiiili'iiii'ln'a 


d  To  a  To  h2  h3  V*  4 

+  H  — +  I  — ,2  -Ojtill  +  [-  i-;.  — j2. 

ax  dy.  z  *  °  2D113  K5  dx^ 


F*h3  a4t0  s*  a2Q2  G*h3  d2Tc  ,  a4to 
2K*  dx4  K*  dx2  2Kg  ax2  dx4 


2 

*  a  t  h-T  .  _*  ah0 

"  -  2  °3  T  2  *  (P  "  C  r  r*  2K_ 

dx  s  A  A  D 


Bh2  qh3  h3B*  d2TQ  c  c*  Sh2 

+  -  +  *  *  2  +  r  -  +  -*  2K 

2K5A  2K5  2K5  A  dx  A  A  “*5 


Ah,  S*h,  h.  A*  d4x  c  a  c* 

+  _ ± _ £  _  3 _ x  _ o  ,_S_  _  A  _  S_ 

^  4  * 

2KC  Ain  2KC  2K_  A  dx  5  Kc  A  Kc 

5  11  5  5  5  5 


E  .  E*i  d\ 


+  t  -  #  +  ^  +  (f  -  +  3_ 

A  K5  A  A  dx  5  K5  Ai;l  K5 


B*  ,  d  °2  .  .  ,1.1, 

*  _* )  2  ^ 
K,.  A  dx  A  A 

b 


(2.277) 


Combining  terms  and  employing  equation  (2.276)  gives  us 


the  first 


2  *  2  * 

J  i,  h,I!  F  h,  h,  H  _  * 

"  Tf)  v  2D  ""  *"  2D  +  r  -  3  +  _*■ 

^  J112  *5  ^ J112  4D1,3  K  ZU113  A  A 


Tvrf--^  jMjt&k .t  «-a  • 


Sh.,  S*h_  Ah_  h,  A*  d4r  Gh? 

_ 2 _ 3  +  2  _  -J _  i  _ 2  +r - 2 _ 

iv  *  ^  _  *  _*  i  4l 

5  2K5  2K5A  2K5  A  dx  4D112  K5 


,  _VL .  G*  h3  +  L J|3  .  - .  jl  .  a  +  el 

2DU2  4D113  K*  2DU3  '  Cs  A  A* 


*  *  2  2  2 
qh0  Bh0  q  h,  B  d  xn  h„  h, 

2K  *  -  *  *  “  5HI7  J  2  +  ^4D  +  * 

^ 5  2K5  A  2K5  2Kg  A  dx  112  4d113 


h  P  h  F  *  * 

11,  .  f  _2  *  n3  £  .  S  A  _  S _ A 

+  -  +  -*  To  +  2K  D  -  *  -*  * 

A  A  °  Z*5  U112  2K5  D113  *5  K5  A  K5  A  K5 


_  *  d4Q  h  G  h  G* 

+  t  -  -  +  —  l  _ 2.  +  r _ - _ i _ +  -3 - - 

T  u  -T-*J  4  ~  *■  ok  D  *  v  _ 

A  A  dx  U112  2K5  D113  *5  K5A 


+ 

* 


B*  d2Q9  h  h, 

— £ —  i  — £  +  r-  — - —  +  — ~ 
K-  A  dxZ  ^U112  ZU113 

O 


h3  vx 


(2.277) 


In  a  more  compact  form  this  equation  can  be  rewritten 


d4T  d2t  d4Q  d2Q 

A  — f-  +  A2  -f-  +  A3  t  +  A.  -f  -  +  A  — ~  +  Ag  Q„  (x) 
dx  dx  ax  dx 


h3  VX 


(2.278) 


-.V,  .Mi  r... 


Where  the  constants  -  Ag  are  defined  explicitly  on 
page  148.  The  second  governing  relation  will  now  be  de¬ 


rived.  Differentiate  equation  (2.265)  w/R(x)  twice. 


Substitute  equations  (2.268-2.276)  and  the  relations  for 
d2v?|  d^w^ 

- and  — into  it  to  give  the  second  governing 

dxz  dx^ 


relations  in  two  unknowns. 


F  h2  +  H  +  F  h3 
2K5  °112  °112  2K*  D113 


+  B  - 


*  4 

y  h,  d  t 


* 

G  h. 


_ £  1  _ 2.  +  r _ 2 _  I  .  _ 3_ 

2K5  dx  2K5  D112  u112  2Kg  D113 


T*  vh0  v  h_  d2x  h~  h., 

*  *  rr  2  |  3  o  .  *■  2  3  -j 

°113  2K5  2K*  dx^  2D112  2D113  T° 


[y-i—  +  t-2—  +  f  -  +  ^ 

5  112  K5  °113  5  K5 


1  d4°2 
*  -  r- 1  —r 

N  dx 


*  *  do 

+  [ _ £ _  +  _ ® _  +  JL  +  ]  1^2  +  r 

lKD  *  o  1  l 

5  112  K5  D113  5  K5  dx 


- - -  -  - i - ]Q 

D112  D113  °2 


(2.279) 
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j 


Rev/riting  equation  (2.279)  in  a  more  compact  notation  gives: 


d4x  d2x  32Q2 

B,  - 7T-  +  B0  — *r-  +  B,  x  +  B.  - t”  +  B,-  — =— 

1  dx4^  2  d?  3  °  4  dx4  3  dx2 


+  B6  Q2  =  "  “ 


(2.280) 


constants  B^  -  B^  are  defined  explicitly  on  page  149 


2  *  2  * 

F  h2  h2  K  F  h3  h3  H  c 

1  ”  +  55U2  "  4D  13  K*  +  ™il3  +  r  '  l 


c*  Sh2  S*h3  A  h2  h3  A* 

*  *  -  2K  ~  *  **"  -  ~  *  r*"  1 

A  5  2K5  2K5  A  2K5  A 


(2.281) 


,  .  G  h2  ,  hj_  .  G>  h3  +  _  1_  .  - 

A2  .  4D112  K5  2D112  4Eu3  K*  2D113 


D  .  D*  .  <Jh2  .  B  h2  .  ^*h3  .  h3  B>  , 
_  _*  2K  5  5  I T*  J 

A  A  5  2K5  A  2K5  2K5  A 


(2.282) 


*2  h2 

„  r  h2  J  h3  ,1,1, 

=  Its -  +  x +  —  +  — z-  1 


(2.283) 


\ 
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A„  =  l 


h2  F 


2K5  °U2 
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h3  F  ,  S 

*  +  K 

2K„  D, .  5 


*  * 
ASA 


5  113 


K5  a  K5 


_*  * 
A  Kr 


+  t 


i 

I 

I 

I 

[ 

I 

I 

I 

I 

I 

i 

l 

I 

I 


A  A 


(2.284) 


Ac  =  [ 


h2  G 


2K5  °112 


h-  G 

_i _  +  J3. 

*  Kr- 


*  * 


— —  +  2L_  - 


B 


2K5  °113 


k5  a 


rl 


K, 


^2  ^3 

Afi  *  C_  2fr~  +  7fr1~] 
6  2D112  2D113 


F  h?  H 

B1  =  2kZ  dTTT  +  D  + 


*  _* J 
K,  A 

S  (2.285) 


(2.286) 


* 

p  h  * 

b  ft3  H  ,  7:  '“2 

“  D„,,  P  “  2Kr 


Yh, 


5  "112  "112  2K5  D113  "113 


* 

Y  h- 

5T 

2K_ 


(2.287) 


G  h2  j  G  j*  _ 

2  ^  2K5  D112  °112  2K*  D113  D113  2K5 


* 

v  h. 
~ 

2¥.r. 


h„ 

B0  =  loir 


(2.288) 


3  l2D  2D 
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(2.289) 
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L.  TWO  LAMINATES  OF  EQUAL  THICKNESS  AND  MATERIAL 

PROPERTIES 

In  examining  equations  (2.277)  and  (2.279)  it  can 
be  shown  that  for  two  adherends  of  equal  lamina  proper¬ 
ties,  orientation  and  thicknesses  the  following  constants 
go  to  zero. 


Thus,  the  two  governing  equations  are  uncoupled  and  can 
be  rewritten  as 


,4  .2 

dr  c  t 

Ai  — r  +  a2  — s2,  +  A 

dx  dx 


h3Vl 


(2.293) 


b4  7T 
dx 


a2Qj  V 

IT  +  B6  °2  ■  "  5T 


(2.294) 


A  solution  whereby  tq  and  oq  are  independent  of  each 
other  can  now  be  rendered. 


Solution  of  t  (x) 
o 


151 


152 


153 


Upon  simplifying  one  gets 


*  _  . . 4  _  « ■ ^  « •  Xi  a 

(A.^  Xx  +  Aj  Ai  +  Aj)  Si  e 


i  =  1  -*•  4  (2.298) 


Solution  of  a  (x) 
o 


Recalling  the  definition  of  Bg  /  namely. 


B6  -  -  +  1 


Then  from  equation  (2.294) 


Q2  Q2 

Bfi  Q9  =  "  [j~-  + 

6  2  D112  D113 


(2.299) 


using  expression  (2.276)  gives 


B6  Q2 


«2<X) 

Q-,  (x) 

—  ^  -f 

A. 

°112 

°113 

Dl]3 

(2.300) 


Substitution  of  the  B,,  Q~  term  into  equation  (2.294) 

D  £ 


qives 


d  Q~  d“Q  Q~  (x)  Q  (x) 

B4  4~  +  b5  + 

*  dx^  J  dx  u112  U11 3 


(2.301) 


- . 


Differentiating  equation  (2.301)  w/R  (x)  and  recalling 
equations  (2.253)  and  (2.256)  there  results 


d^cr  a2a  , 

B4  7T+B5  7T'D7:[oo  +  ao1=0 

ax  dx  11 


(2.302) 


Thus,  equation  (2.294)  can  be  rewritten  as 


d4o  d2a  2a 

b4  — r  +  Bs  —t  -  r9- =  0 

4  dx4  b  Ax  D11 


(2.303) 


Let  one  assume  a  solution  of  the  form 


o  (x)  =  Fi  eXlX 
o 


i  =  5  +  8 


(2.304) 


where  (Xi)  are  the  roots  of  equation  (2.303),  may  be 
complex,  and  must  satisfy  relation  (2.305). 

(B.  Xi4  +  Bj.  Xi2  -  ~~)  Fi  eAlX  =0  i  =  5  -»•  8  (2.305) 

4  s  U11 

Thus,  summarizing  we  have  two  fourth  order  linear  non- 
homogeneous  differential  equations  whose  roots  must  sat¬ 
isfy  equation  (2.293)  for  i  =  1,4  and  equation  (2.294) 
for  i  =  5,8  .  The  most  effecient  way  to  obtain  these 
roots  is  employing  a  numerical  method  for  a  particular 
set  of  data. 


. ^  . . . .  ■ 


Having  the  roots  of  the  two  governing  equa¬ 


tions,  the  final  step  is  to  find  values  for  the  eight  un¬ 


knowns  S,  S«  and  F.  -*■  F. 

r  4  14 


These  will  be  found  by  manipulation  of  the  original 


fourteen  governing  equations  on  page  139  to  produce  the 


eight  boundary  condition  equations  required. 


Differentiate  equation  (2.265)with  respect  to  (x) 


once. 


,2  o  ,2  o  ,  ,3  d3*  d3rf> 

d  \s0  a  w0  dx  d  x  Tx~  *  Tx-> 

_ t _ 1  +  n  _ 2.  +  a  _ O  _ 2  _  * _ 3 

.2  ,2  dxS,3Y,3  Y  ,  3 

qx  dx  qx  dx  ax 
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*  X0  -  1  a 

+  v  ST  "  v  TET  -  (z  +  cT>  TIT  =  0 

N  ax 


(2.306) 


n  2  o 
d  w 


,2  o 
d  w 


Solving  equations  (2.258)  and  (2.261)  for  — 


Cr 

substituting  these  and  relation  (2.270)  into  equation 


P.. 306)  give: 
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11 


T*  dx 

D^-  +  =1  T#  -  0 


(2.307) 


Inspection  of  equation  (2.307)  leads  one  to  notice  that 
the 


First  term  in  brackets  is 

Second  term  in  brackets  is 
Third  term  in  brackets  is  B^ 
Fourth  term  in  brackets  is  B£ 


Thus,  the  first  boundary  condition  equation  is 


M, 


M. 


.2 

d  o 


D 


+  B, 


11 


D 


11 


dx 


o —  "*■  B_  0  +  B. 

2  5  o  1 


d2x  dx 

— ~  +  B  — r-— •  =  0 
.3  2  ox 


dx' 


(2.308) 
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If  one  proceeds  to  differentiate  equation  (2.308)  with 
respect  to  (x)  there  results 


dM, 


D 


11 


dx 


d2t 


+  B 


2,2 

dx 


=  0 


dM. 


d3o 


da 


d4x 


-^=-  +  B  . 
dx  4 


'll 


dx 


+  B.  +  B.  - - 

3  5  dx  1 


dx 


(2.309) 


dM 


Rearranging  equations  (2.254)  and  (2.257)  for  ^  gives 


dM. 


dx 


-  Qo  -  -r 


K 


(2.310) 


dM 


3 
dx 


=  U,  "  -T 


ho 


(2.311) 


Substitution  of  these  into  equation  (2.309)  yields  the 
second  boundary  condition  equation. 


Q?  Q3  h 

— - —  +  — _  +  r - — 

D,,  „  l2D, 


11  D 


11 


'll 


2D11 


-]  T  +  B 
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4.3  5  ax 
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.2 

d  T 


+  B1  ~4"  +  B2  TT 
dx  dx 


0 


(2.312) 


1 


Fourth  terra  in  brackets  is  A, 


Thus /  the  third  boundary  condition  can  be  written 
as 


h9  h  M  T  T_ 

1  6  6  +  — - x-  +  A 


,2 

d  cr 


,3 

d  t. 


+  A_  <J_  +  A, 


2D11  2D11  '5  A*  4  dx2  5  °  1  dx3 


+  A 


dr 
_ o 

2  dx 


=  0 


(2.315) 


Having  developed  the  necessary  boundary  condition  equa¬ 
tions  one  can  now  write  the  eight  boundary  conditions  re¬ 
quired  to  solve  for  the  eight  unknowns  and 

F^  •>  F^.  Remembering  that  for  our  case 


A 


4 


Ar 


0 


The  boundary  condition  equations  for  two  equal  adherends 
are  now  written.  Employing  equation  (2.297)  the  first 
two  boundary  condition  equations  are 


h2  V1 

to(o)  =  0  =  Si  *  ^-1 


11  A3 


(2.316) 
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AiL~  h9  V, 

to(L2)  -  O-  Sie  +  2D^ 


(2.317) 


Employing  equation  (2.308)  the  third  and  fourth  boundary 
condition  equations  are 


«  x2  -  0 


M2(x)  = 


(x)  =  0 


Therefore, 


M,  d  a  (o) 

— —  +  B.  - 2= —  +  B_  a  (o) 

D11  4  dx2  50 


Using  equation  (2.3q4)  the  third  equation  is 


M,  2 

— —  +  B.  Ai  Fi  +  Bc  Fi  =  0 
Dll  4  5 


(2.318) 
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Similarly, 


@  X  =  L„ 


M2(x)  0 


]*3(x)  =  M4 


Therefore  equation  (2.308)  reduces  to 


M 


4  ^ 

—  +  B4  — T-'-  +  B5  W  "  0 


'11 


ax 


Again  substituting  for  aQ(x)  the  fourth  equation  is 


M.  2  AiL,  AiL 

-2-  +  B4  Ai  Fi  e  +  B5  Fi  e  =  0 


(2.319) 


'll 


Employing  equation  (2.312)  the  fifth  and  sixth  boundary 
condition  equations  are 


@  X  =  0 


Q2 (x)  v  ^ 


Q3 (x)  =  0 
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Therefore  equation  (2.312)  reduces  to 


V  dJo  (o)  da  (o) 

1  ■  +  3.  - 2 -  +  B.  ° 


D„  •  ,  3 

11  dx 


5  dx 


Modifying  it  for  0Q(x)  gives  the  fifth  equation,  namely. 


V. 


D 


11 


+  B . 


3 

Xi  Fi  +  Xi  Fi 


(2.320) 


Similarly, 


e  x  “  l2 

Q2(x)  =  0 

q3(x)  =  v4 


Substituting  into  equation  (2.312)  and  using  equation 
(2.304)  for  aQ(x)  the  sixth  equation  is 


XiL. 


X  lL, 


D 


+  Xi  Fi  e 


+  Bg  Xi  Fi  e 


=  0 


(2.321) 
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tom mm** 
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Employing  equation  (2.297)  for  r  (x)  the  seventh  equa¬ 


tion  is 


h_M-  m  -s 

_  2  1  T  cos  0  ,  _  , r 

2D. ,  +  - = - +  Al  Al  Si  +  A,  Xi  Si 

11  A  * 


(2.322) 


Similarly, 


@  X  =  L, 


M2(x)  =  0 


T2(x)  =  0 


M3 (x)  =  M. 


T3 (x)  =  t  cos  0 


Again  equation  (2.315)  reduces  to 


.1  : 


Finally  making  use  of  equation  (2.315)  the  last  two 
tions  are  determined 


equa- 


M2(x)  = 


M3(x)  =  0 


@  X  =  0 


T2(x)  =  T  cos  0 


T3(x)  =  0 


:i; 
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/  !  -I 

J  !  | 

J !  1 


Therefore  equation  (2.315)  reduces  to 
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dx 


+  A, 


dx  (L9) 

O  2 
dx 
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Employing  equation  (2.297)  again  gives  us  the  final  equa¬ 
tion,  namely. 


h3  M4 


T  COS  0 
_* 

A 


+  A, 


3 

Xi  Si  e  +  A2 


XiL9 

Xi  Si  e  =0 
(2.323) 


SUMMARY 


Having  determined  the  roots  and  the  necessary 
boundary  conditions  one  can  now  solve  for  the  shear  stress 
distribution  xQ(x)  and  the  normal  stress  distribution 
oQ(x)  in  the  adhesive.  Knowing  these  distributions  one 
can  calculate  the  transverse  shear  stress  r  ■.  and 

xz|K 

normal  stress  a  i  distributions  throughout  the  lam- 

'K 

inates  using  equations  (2.29),  (2.33)  and  (2.144),  re¬ 
spectively.  In  addition  if  one  wishes  to  calculate  in¬ 
plane  loads  T2 (x)  ,  T^(x)  ,  moments  M2(x)  ,  M^(x)  , 

inplane  and  lateral  displacements  u2(x)  '  u3(x)  '  w2(x)  ' 

w^(x)  ,  and  the  lateral  shears  Q2(x)  ,  Q2(x)  he  may  do 
so  using  the  following  procedure. 

The  transverse  shear  Q2 (x)  in  part  (2)  may  be 


-  156  - 


found  by  integrating  equation  (2.253)  cn  page  139  over 
the  length  of  the  overlap.  Thus, 


x 

Q? (x)  =  /  odx  +  V 
2  0  o  l 


Q0 (x)  =  /  Fi  eAlX  dx  +  V 


Q,(x)  «  eAix  -  +  V 


Xi 


Xi 


(2.324) 


Employing  equation  (2.276)  on  page  14 4  the  transverse 

shear  Qj  (x)  can  be  determined.  Thus,  per  equation 
(2.276) 

Q3(x)  =  -  q2(x)  +  v2 
Substituting  for  Q  (x)  one  gets 


Q3(x)  = 


_  a  .  Fi 

Ai  6  +  XI 


(2.325) 


The  axial  load  in  part  (2)  at  a  particular  point  along  the 
overlap  can  be  determined  by  integrating. equation  (2.252) 
on  page  139.  Thus, 


X 

T2(x)  =  1  T0  d*  +  T,(o) 
o  z 


J  j 


i 

..V 


! 
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Substituting  fcr  to(x)  and  completing  the  integration 
gives 


T2(x) 


Si  AiX 
Ai  e 


Si 

Ai 


n2  V1  X 
2D11  A3 


+  T  cos  0 


(2.326) 


The  axial  load  in  part  (3)  at  a  particular  point  along 
the  overlap  can  be  found  in  a  similar  manner  per  equa¬ 
tion  (2.255). 

x 

T-(x)  =  -  /  t  dx  + 

3  o 


T /  (O) 


Substituting  for 


to(x)  and  integrating  the  result  is 


T3(x) 


Si  :.ix  Si  h2  vi  X 

U  Xi  '  2DU  *3 


(2.327) 


A  similar  procedure  to  those  above  will  generate  the 
moment  in  parts  (2)  and  (3)  at  a  particular  point.  Re¬ 
arranging  and  integrating  equation  (2.254)  yields 

x  h  x 

M2(x)  =  /  Q2(x)  dx  - j  f  tq(x)  dx  +  M2 (o) 

o  o 


Making  the  necessary  substitutions  and  integrating  one 
gets 


AiX 

e 


Fi 

Ai 


h2  Si  AiX 
-s-  T-r  e 
2  Ai 


M2  (x) 


X  +  V  X  - 
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^2  Si 
2  Ai 


h2  V 
n2  1 


4D 


11  3 


A.  X  +  K1 


(2.320) 


Rearranging  and  integrating  equation  (2.257)  an  expres¬ 
sion  for  the  moment  at  a  particular  point  along  the  over¬ 
lap  in  part  (3)  is  obtained. 

x  h_  x 

M3 (x)  =  /  Q3  dx  - j  f  xQ  dx  +  M3 (o) 

o  o 


Making  the  necessary  substitutions  and  completing  the  in¬ 
tegration  yields 


M3  (x) 


Fi  _AiX  .  Fi  .  Fi  „  h3  Si  „AiX 

— tt  e  +  — S’  +  x  v7"  e 

>  •  2  •.  » 2  Xx  2  Ai 

Ai  Xx 


+ 


_3  Si 
2  Ai 


a3  ^2  ^1 
4D11  A3 


(2.329) 


It  is  now  expedient  to  determine  the  unknowns  4> 

x2 

and  <{>  as  they  will  be  used  to  determine  the  inplane 
x3 

and  lateral  displacements .Per  equations  (2.260)  and 


(2.263) . 


17C 


and  thus  the  relation  for  u°(x)  can  be  determined.  Em¬ 
ploying  a  similar  procedure  v/ith  equation  (2.262)  results 
in 


.3 

o  a  <b 

du  * 

TGT“£  [t3(x)  -  a  — 5^-b 


X 


dx~ 


ax 


dx' 


-  D 


dx 

o 

dx 


d^c. 


-  £ 


O, 


dx 


(2.334) 


Once  again  integrating  equation  (2.334)  with  respect  to 

o 

(x)  will  give  a  relation  for  U  ^(x)  with  one  unknown. 
This  unknown  will  be  determined  in  conjunction  with  the 
lateral  displacements  w£ (x)  and  w^(x)  . 

Finally,  the  lateral  displacements  are  determined. 
Rearranging  equation  (2.258) 


d  w° (x) 

T~2 

dx 


d3<}> 


x. 


d<|) 


x. 


D 


11 


[-  M2(x)  +  F 


+  G 


dx' 


ax 


+  H 


d3x 


dx' 


dx 

+  I  -r?-] 
ax 


(2.335) 
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Integrating  equation  (2.335)  twice  with  respect  to  (x) 
and  using  the  fact  that 


w|  (Lx)  =  v?2  (°) 


(2.336) 


dw°  dw? (o) 

sk  (Ll>  “  -TE- 


(2.337) 


1  t 


one  can  get  the  expression  for  w£ (x)  .  Following  a 
similar  procedure  w| (x)  is  found.  Rearranging  equation 


(2.261) 


d  w|(x) 


—  [-  M, (x)  +  F* 


«♦*  d3T 

xo  * 

- =4  +  G  +  H  — =2. 

dxJ  dx  dx3 


I  -*-2  ] 
ax 


(2.338) 


Integrating  equation  (2.338)  twice  with  respect  to  (x) 
and  using  the  fact  that 


w°  (o)  =  w? (L,) 


(2.339) 


dw| (o)  dw^(L3) 


(2.340) 


•«r«  


one  can  obtain  the  desired  expression  for  w| (x}  .  To 

obtain  a  complete  solution  one  must  yet  obtain  relations 
o  — 

for  u  ^(o)  and  A  ♦  Per  equation  (2.264)  on  page  141 
a  relation  for  u°3  can  be  obtained  exclusive  of  any  new 
boundary  value  constants.  Thus,  rearranging  terms  one 
gets 


_  h0  dw 2  h-  dw3  i  d2T 

u°  =  JL— 2  +  _3_ o+(o_J^)x  +  r  _ - 

3  2  dx  2  dx  ^  C  '  Tc  .2 

s  dx 


+  q  <J> 


X, 


* 

q  4> 


d24>. 


+  s 


+  s 


*  x: 


+  t 


dx 


dx 


o 

dx  ,U  2 


(2.341) 


Now,  the  only  \mknown  is  A  in  the  expression  for  u°(x). 
It  can  be  obtained  using  boundary  condition  (2.222)  on 
page  128,  namely, 


u  °  (o)  =  u°  (L3) 


v/here  u^(x)  is  given  by  equation  (2.225).  Thus,  using 
equation  (2.222),  (2.225)  and  (2.341) 


h2  av£(L3) 


,  h3  dwo(L3)  ,  1.  ,T  ,  .  - 

+  0  Av  +  (p  r  ^  (Lo)  +  r  O 


A  = 


A  v 


I 

I 

i 

I 

I 

I 

l 

i 

I 

I 

1 

I 

1 

1 

s 
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d26  (L-)  d2$  (L,) 

+  q  4  (Lj  -  q  6  (L^)  +  S  - ^ -  +  S  - 5 - 

a2  x3  dx  dx 


+  t 


da  (L  ) 
o  J 

dx 


+ 


U°2(L3) 


(2.342) 


This  completes  the  problem  of  two  adherends  bonded 
in  a  single  lap  joint  configuration  under  a  static  load. 
Again  note  that  it  was  assumed  the  adherend’s  lamina  were 
in  a  balanced  configuration  about  their  geometrical  cen¬ 
terline,  were  of  like  material  and  orientation  and  of 
equal  thickness. 


TWO  LAMINATES  OF  UNEQUAL  THICKNESS  AND/OR  UNEQUAL 


MATERIAL  PROPERTIES 


To  solve  the  general  problem  whereby  L^  i-  ^2  ^  L 4 
and  1*2  ^  h^  and  while  the  lamina  of  the  adherends  are 
symmetric  about  their  own  geometrical  mid-planes  they  are 
not  necessarily  of  the  same  material  or  orientation,  two 
items  are  needed:  (1)  the  calculation  of  M^  ,  , 

V4  ;  (2)  the  solution  of  the  general  eighth  order  equation 
of  parts  (2-)  and  (3)  and  its  associated  boundary  condi¬ 
tions  . 


L Determination  of  M,  ,  M 


and  v 


Material  &  Orientation  #1 


TW  +  /-Material  &  Orienta 
Jr  /  tion  #2 


The  moment  relation  for  part  (1)  is  given  by  equa¬ 


tion  (2.205). 


T 

I 

I 

1 

I 

I 

I 

1 

I 

] 

1 


Mx  =  T  COS  0  [OXj^  -  wj(x)]  0  1  x!  1  L1  (2.343) 

Moreover,  the  moment  relations  for  parts  (2)  and  (4)  can 
be  determined  using  Figure  7.  They  are 

Mx  =  T  cos  0  [0(X4  -  L^)  -  w° (x) ]  (2.344 

0  1  X4  1  L4 
h9  (hu-hu) 

M  =  T  cos  0  [0(L,  +  Xn)  -  w°(x)  -  - V— ]  (2.345) 

X  x  Z  Z  Z 

0  1  x  1  L  2 

Referring  back  to  the  case  whereby  both  adherends 
we re  identical  it  was  determined  that  w|  (x)  =  -  w£(x)  . 
However,  for  the  general  case  this  is  not  true.  Thus,  a 
relation  for  w|(x)  must  be  derived.  From  equation 
(2.211) 

w|(x)  =  G(X4  -  L4)  +  E  sinh  K  X4  +  F  cosh  K  X4  (2.346) 

0  1  x4  1  L4 

The  boundary  conditions  are 


<  (-'A  I 


0 


(2.347) 


w"(o)  =  w|(L2) 


(2.2*3) 


Substituting  equation  (2.211)  into  (2.347)  gives 
0  =  E  sinh.  K  L4  +  P  cosh  K 

Thus, 

E  =  -  F  coth  K  L4  (2.349) 

Moreover, 

w°(x)  =  e(X4  -  L4)  -  F  (coth  K  L4  sinh  K  X4  -  cosh  K  X4) 

(2.350) 

0  i  x4  i  L4 

The  constant  F  will  be  determined  later. 


*C 


Part  2 


(X) 

- - ^7 rj— - * - 

W  (x) 

1  .  ^ 

— 

1  h 

w4  (x) 


FIGURE  (8) 
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Recalling  the  deflection  equations  for  parts  (1) 
and  (2),  namely,  from  equation  (2.220) 

w° (x)  =  6  X^  +  E  sinh  KX^  (2.351) 

0  1  xi  1  Li 

and  from  equation  (2.231)  with  the  necessary  addition  of 
the  last  term  to  satisfy  equation  (2.345) 

a  a  a  a  h  ^  ( h  ^  h  ^ } 

w°  (x)  =  A  cosh  K  X  +  B  sinh  KX  +  0(1^  +  X2) - j - ^ - 

(2.352) 

0  <  X2  <  L, 

One  can  now  formulate  the  necessary  boundary  conditions 
and  determine  v;£(x)  and  w| (x) .  The  boundary  conditions 
are 

w"(L1)  =  w°(o) 

dw°  'Ll)  dw° (o) 

ax  ox 

w° (o)  =  w° (L2) 

dw°(o)  dw°(L2) 

dx  dx 


(2.353) 

(2.354) 

(2.355) 

(2.356) 
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~2  0Qg  Q  ^ 

Note  should  be  made  that  K  =  -  where  D  is  cal- 

6 

culated  with  respect  to  the  geometrical  mid-plane  of 

part  (2)  in  Figure  8  which  is  not  necessarily  the  adhesive 

centerline! 


Employing  boundary  condition  (2.353)  one  gets  an 

a 

expression  for  A  ,  namely, 


~  h„  (h,-h~) 

A  =  E  sinh  KLX  +  +  — ~  -  ■  (2.357) 


Differentiating  equations  (2.351)  and  (2.352)  and  using 

A 

boundary  condition  (2.354)  yields  an  expression  for  B  , 
namely , 


^  KE  cosh  KL. 

B  =  - * - -  (2.358) 

K 


Use  of  boundary  condition  (2.355)  stipulates  an  expres- 

A  A 

sion  for  F  in  terms  of  A  and  B  ,  namely, 


^2 

F  =  A  cosh  KL2  +  B  sinh  KL2  +  0 (L1  +  L2  +  L  )  -  ~~ 
(h-.-h„) 

- V-'  (2.359) 


Substitution  of  equations  (2.357)  and  (2.358)  into  (2.359) 
gives  the  desired  expression  for  F  . 
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F  —  E  sinh  cosh*  KL^  “  cosh  KI^ 


<h_-h2) 

+ - 2 -  cosh  KI»2  + 


KE  cosh  KL, 


sinh  KL, 


(h_+h,)  h„  (h-,-h9) 

+  2 (L1+L2+L4)  (L1+L2+L4)  2  2 


(2.360) 


Per  boundary  condition  (2.356)  an  expression  for  F  in 

A  A 

terms  of  A  and  B  emerges,  namely, 


KF  coth  KL4  =  -  KA  sinh  KL2  -  KB  cosh  KL2 


Substitution  of  equations  (2.357)  and  (2.358)  into  this 
relation  gives  an  expression  in  terms  cf  unknowns  F  and 


KF  coth  KL4  = 


/\  /V  A  /\ 

-  KL  sinh  KL-^  sinh  KL2  -  K  -j-  sinh  KL2 


/v  (h,  hu)  /v  ....  a 

-  K  —  2-  -  sinh  KL2  -  ™  E  cosh  KL][  cosh  KL2 

K 


Finally,  substitution  of  eouation  (2.360)  into  this  ex¬ 
pression  gives  an  explicit  expression  to  determine  E  in 
terms  of  known  quantities.  The  resulting  expression  is 
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£. 


A  A  S- 

~~  K  coth  K  L4  cosh  K  L2  -  K  ~  sinh  K  1^ 


A  A  A. 

K  sinh  K  sinh  K  L.  t  K  cosh  K  cosh  K  L2 


a  ( h  -v  2 )  a  ( h  •}  -h  ^ )  a 

-  K  — ^ -  sinh  K  L2  -  K  — -2-  -  coth  K  L4  cosh  K  J*2 


+  K  coth 


K  L . 
4 


A 

sinh  K  cosh  K  L2 


(h^+h^)  h„  (h--h») 

-  K  coth  K  L4  [ - 2 - 2 - 2 - 1 


+  coth  K  L4  cosh  K  L,  sinh  K  L2  (2.361) 

K 


Substitution  of  the  expression  for  E  into  equations 

A  A 

(2.357-2.359)  will  determine  the  values  of  A  ,  B  and 
F  . 

M^(L^)  can  be  determined  using  equation  (2.245) 
while  employing  equation  (2.361)  for  the  determination 
of  E  .  Thus, 
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Mx (L1 )  =  T  cos  0  E  sinh  K  1^  (2.362) 

Moreover,  can  determined  using  equation  (2.250) 

with  the  proper  value  of  E  thus 

V,  (Lx)  =  KE  (T  cos  0)  cosh  K  1^  (2.363) 

M4  (x)  and  Q4 (x)  can  be  determined  as  follows: 

Differentiate  equation  (2.346)  twice  and  substitute  into 
d2w° (x) 

M4  =  "  D114  (2.364) 

Thus  for  =  0 

M4(o)  =  -  D114  F  K2  (2.365) 

However , 

-2  T  cos  0 
K  -  r - 

L11 

Th  is 

M.(o)  =  - 

‘x 


F  T  cos  0 


(2.366) 
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where  F  can  be  determined  using  equation  (2.360). 

A  relation  can  be  derived  for  Q4(XA)  by  employ¬ 
ing  equation  (2.182)  ana  aquation  (2.346).  Thus, 

dM 

-af=Q4(x)  (2.367) 


F  K3  (cofchh  K  L.  coshh  K  X.  -  sinhh  K  X.) 

(2.368) 


Also, 


dM 

x 

dx 


D 


114 


(2.369) 


Substitution  of  equations 

w-2 

and  realizing  that  k  = 
suit. 


(2.367)  and  (2.368)  into  (2.369) 

co.s... §.  yields  the  desired  re- 
u114 


Q4  (x)  =  F  K  (T  cos  0)  (cothh  K  coshh  K  -  sinhh  K  X^) 


(2.370) 
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Thus, 

V4(o)  =  -  F  K  T  cos  6  coth  K  L4  (2.371) 

2.  Solution  of  the  General  Linear  Ordinary  Differential 
Equations 

Having  obtained  the  necessary  boundary  value  con¬ 
stants,  namely,  and  one  can  obtain  the 

general  solution  to  the  two  fourth  order  linear  ordinary 
differential  equations  in  two  unknowns  tq(x)  and  Q2^x^  • 

namely,  equations  (2.278)  and  (2.280).  These  two  equa- 

« 

tions  will  now  be  reduced  to  one  equation  in  one  unknown 
tq(x)  by  algebraic  manipulation. 

Given : 


d4T  d^T  d4  (1  d2Q, 

4~  +  A2  .  2  +  A3  To  +  A4  4  +  A5  T7T 


dx 


ax 


dx' 


dx 


+  A6  Q2 


h3  V1 


20 


11 J 


(2.372) 


B1  74"  +  B2 
dx 


,2 
d  T 


dx 


•!•  B„  X  +  B 
J  o 


d4Q.  d2Q 

_ Jl.  a.  n  - £ 

4  „  5,2 

dx  dx 


■  -  — . 
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V, 


+  E6  V2  =  "  D 


113 


Let 


D  = 


Q 

dx 


(2.373) 

I 

I 


Equations  (2.372-2.373)  can  be  rewritten  as 


.J 


(Aj^  D4  +  A2  D2  +  A3)  Tq  +  (A4  D4  +  A5  D2  +  A6)Q2 


;  i 


h3  V 


2D 


(2.374) 


11 


(B1  D4  +  B2  D2  +  B3)  Tq  +  (B4  D4  +  B5  D2  +  Bg)Q2 


l! 


(2.375) 


'll 


...i 


'  i 

4  2  *  ’ 

Multiply  equation  (2.374)  by  (B4  D  +  B,.  D  +  Bg)  and 

4  2  i 

equation  (2.375)  by  (A4  D  +  A^  D  +  Ag)  and  subtract  j 

the  two  resulting  relations. 

Moreover,  realizing  that  certain  terms  on  the  right- 
hand  side  are  zero  as  =  constant  the  resulting  equa- 
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tion  in  condensed  notation  is: 


d8t  d6T  d4x  d2x 

C9  -S2  +  C7  re2  +  C5  T42  +  c3  T22  +  C1  To 
dx  dx  dx  dx 


h3  V  , 

=  ItBc  +  aJ  x 


2  6  6  D 


(2.376) 


113 


where : 


C1  =  [B6  A3  "  A6  B3] 


(2.377) 


C3  "  tB5  A3  +  B6  A2  A5  B3  A6  B25 


(2.378) 


C5  *  ^B5  A2  +  B6  A1  +  B4  A3  A4  B3  A5  B2  A6  Bl^ 


(2.379) 


Cj  —  [B^  A2  +  Bp.  A,  A^,  B2  ~  Ag  B.^] 


(2.380) 


c9  =  [b4  a1  -  a4  bxi 


(2.381) 


Assuming  a  homogeneous  solution  for 


tQ(x)  =  Si  e 


AiX 


the 


-  106 


homogeneous  equation  is 


[Cg  Ai8  +  C?  Ai6  +  C5  Ai4  +  C3  Ai2  +  C^}  Si  eAlX  =  0 

(2.382) 


Use  of  a  numerical  routine  can  get  one  the  roots 
(Ai)  i  =  1  ■*  8  that  satisfy  equation  (2.382).  Inspec¬ 
tion  of  equation  (2.376)  stipulates  that  the  particular 

solution  for  t  (x)  is 
o 


T0(X) 


B 


6 


+ 


(2.383) 


Thus  the  complete  solution  for  tq (x)  is 


/v  AiX  ,  fh3  B6  .  A6,  V1 

to{x)  =  Sr  e  +  +  ql  d^3 


(2.384) 
i  =  1  8 


To  find  Q2(x)  assume  a  solution  of  the  form 


Q2(x)  =  Pi  eAiX  +  z 


i  *  1  ♦  8  (2.385) 
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where  z  =  the  particular  solution.  Substitute  equation 
(2.385)  into  either  equation  (2.374)  or  (2.375)  to  deter¬ 
mine  the  dependent  constants  Fi  in  terms  of  the  inde¬ 
pendent  constants  Si  .  In  addition  the  particular  solu¬ 
tion  for  Q2^x)  can  be  found.  Upon  substituting  into 
equation  (2.374)  and  equating  the  homogeneous  parts,  one 
gets  a  relation  for  Fi  in  terms  of  Si  ,  namely, 

A.  Ai  "f*  A.~  Ai  t  A. 

Fi  =  -  Si  [— - j - - - 5 - -J  i  =  1  ->  8  (2.386) 

A.  Ai  +  Ac  Ai  + 

4  5  6 


If  one  uses  equation  (2.375)  the  relation  for  Fi  is 


B_  Ai  +  B-  Ai2  +  B. 

Fi  =  -  Si  [— - 2 - - - 2 - i  =  1  +  8  (2.387) 

Ai  +  B^  Ai  +  Bg 


whereby  the  terms  in  brackets  must  be  equivalent. 
Similarly,  equating  the  particular  solutions  one  gets 


h„  Vn  A«  h0B^  A, 

3  1  3  r  3  5  ,  6-. 

2A6  D113  "  A6  2C1  C1  D 


V, 


113 


z 


(2.388) 
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The  final  expression  for  aQ(x)  is 


aQ (x)  =  -  Bi  Xi  Si  eXlX  i  =  1  ->  8  (2.391) 


3L  Formulation  of  the  Boundary  Conditions 

Having  derived  the  general  solution  for  the  shear 
and  normal  stresses  in  the  adhesive  layer/  one  must  deter¬ 
mine  the  eight  unknowns  Si  .  The  unknowns  Si  can  be 
determined  using  equations  (2.308)/  (2.312),  (2.315)  and 
the  fact  that  the  shear  stress  tq (x)  at  the  joint  ends 
must  be  zero.  The  resulting  boundary  conditions  are: 
(Using  equation  (2.384)  the  first  two  conditions  are:) 


h-B-  A.  Vn 

T  (o)  =  0  =  Si  +  [^-2-  +  ~)  —i 
o  ^  C1  D 


i  =  1  ■>  8  (2.392) 
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XiL0  h_B.  V. 

T  (L0)  =  0  =  Si  e  +  [j~-  +—]-•—  (2.393) 

1  1  »U3 

i  =  1  8 


Substitution  into  equation  (2.308)  and  using  relations 
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(2.384)  and  (2.391)  the  third  and  fourth  conditions  are 
determined,  namely. 


@  X  =  0 


M2(o)  =  Mx 
M3(o)  =  0 


Thus, 


M,  3  3 

tr-= - B.  Si  Ai  Si  -  B.  Si  Ai  Si  +  B.  Ai  Si 

u112  4  5  J. 


+  B2  Ai  Si  —  0 


(2.394) 


Similarly, 
@X  =  l2 


m2(l2)  =  0 
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‘W  *  «4 
Thus, 

M*  -3  AxL_  AiL„ 

: — — - B ,  Si  'i  Si  e  -  B_  ?\  Ai  fi  c  * 

*-’113  4  5 

~  AiL9  AiL~ 

+  B1  Ai-5  Sio  z  +  B2  Ai  Si  e  =  0  (2.395) 

Per  equation  (2.312)  and  employing  expressions  (2.384) 
and  (2.391)  the  fifth  and  sixth  boundary  conditions  are 
determined,  namely, 

SX  =  0 

Q2(o) 

Q3(o)  =■.  0 

Thus, 

V  ,  4  2 

-  p-i-  +  B,  Ai  Si  +  D0  Ai  Si  +  B.  Si 
°112  1  ' 
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?B/r  Ac  ' 

3  {— +  —i  — 

^  l2C  C 

“  U1  0 


-  B,  gi  Ai4  Si  -  B5  gi  A 
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Similarly, 


@X  =  L, 

q2(l2)  =  0 
Q3(l2)  =  v4 


Thus, 


D 


4  AiL*  2  AiL_ 

—  +  Ai  Si  e  +  B2  Ai  Si  e  +  B3  Si 
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h  A,  v,  4  AiL- 

+  B3  I-—-?-  +  ~]  — - - B4  $i  Ai"  Si  e  2 


'1  "1  D 
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2  A  iL« 

B5  6i  Ai  Si  e  =  0 


i2  Si  =  0 
'2.396) 


Ai  L2 


(2.397) 


The  last  two  boundary  conditions  are  obtained  by  using 
equation  (2.315)  in  conjunction  with  equations  (2.384) 


and  (2.391). 


@X  =  0 

M2(o)  =  Mx  T2(o)  =  T  cos  e 

M3(o)  =  G  T3(o)  =  0 

Thus,  the  resulting  expression  is 


+  T^os_e  +  A  Ai3  si  +  xi  si  _  A  ei  xi3  si 

/U112  A  X  z  4 


-  A5  ei  Ai  Si  =  0  (2.398) 


Finally, 

fW  t 

-**'  " 

m2;l2)  =  o 

M3<L2>  =  M4 


T2(i.9)  =  0 
T3(L2)  =  T  cos  6 
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Substituting  into  equation  (2.315)  the  final  expression 
is 


»p  ^  n  -j  Ail»-v  AxL. 

- x - +  A.  Ai  Sx  e  *  Ai  Si  e 

2D  A  1  z 

^J113  H 


3  AiI»o 

-  A4  8i  Ai  Si  e  -  A,.  Bi  Ai  Si  e  =0  (2.399) 


SUMMARY 


Having  determined  the  roots  and  the  necessary 

boundary  conditions  one  can  now  solve  for  the  shear  stress 

distribution  r^Cx)  and  the  normal  stress  distribution 

nt(x)  in  the  adhesive.  Knowing  these  distributions  one 
o 

can  calculate  the  transverse  shear  stress  t  ■  and 

xz|K 

normal  stress  a  i  distributions  throughout  the  laminates 

Z;K 

using  equations  (2.29  )/  (2.33  )  and  (2,144).  Ir.  addi' 
tion,  if  one  wishes  to  calculate  inplane  loads  / 

T^lx)  ,  moments  (^)  /  (x)  ,  inplane  and  lateral  dis¬ 

placements  ^(x)  >  ut (x)  r  w2(x)  ,  w^(x)  ,  and  the  lateral 
shears  Qp (x)  ,  (x)  he  may  do  so  using  the  procedure 

outlined  previously. 


CHAPTER  III 


A  STUDY  OF  CERTAIN  PARAMETERS  INVOLVING  JOINTS 
WITH  IDENTICAL  ADHERENDS 

The  objectives  of  this  chapter  are  twofold. 
Initially,  it  provides  one  the  opportunity  to  check  the 
methods  of  analysis  with  the  assumptions  it  includes  and 
to  ascertain  whether  the  programming  has  been  performed 
correctly.  Secondly,  upon  leaning  the  influence  of 
certain  important  variables  on  the  output,  one  can  determine 
how  to  minimise  adhesive  stresses.  This  would  enable  one 
to  design  a  joint  for  maximum  loads,  less  weight  and/or 
longer  life  if  fatigue  is  a  consideration.  However,  al¬ 
though  the  analysis  is  valid  throughout  the  elastic  range 
of  the  materials  being  used  one  should  recognise  that  in 
certain  instances  the  adherend.  is  the  critical  component 
and  that  it's  failure  will  pre-empt  failure  of  the  adhesive. 

The  following  discussion  will  detail  results  as¬ 
suming  the  adhesive  is  first  to  fail.  This  is  normally 
a  valid  assumption  when  the  length  of  overlap  to  adherend 
thickness  is  ten  or  less . 

The  baseline  geometry,  material  properties  and 
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loading  are  given  belov;  in  Figure  3-1.  It  is  from  these 
initial  values  that  all  parameters  are  altered.  More¬ 
over  only  the  equal  adherend  case  is  studied  herein.  The 
analysis  procedure  referred  to  is  entitled  Bond  3. 


FIGURE  3-1  BASELINE  CONFIGURATION: 

BASELINE  INPUT  INTO  THE  B0ND3  PROGRAM  IS: 

T  =  1000# 

LTHl  =  LTH4  =  4.21" 

LTH3  =  .31" 

A2H  =  A3H  =  .063" 

ADHESIVE  PROPERTIES: 

EFFECTIVE  SHEAR  MODULUS  =  4.5  X  10 6  PSI 
EFFECTIVE  TENSION  MODULUS  =  7.0  X  106  PSI 
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ADHEREND  PROPERTIES  (IDENTICAL  ADHERENDS) : 

Q  n  =  6.8  x  106  PSI 

Q  =  1.0  x  106  PSI 
55 

ALL  PLYS  ARE  OF  EQUAL  THICKNESS  AND  0  DEGREE  ORIENTATION 

The  baseline  parameters  were  chosen  in  order  to  represent 
a  homogeneous  isotropic  adherend  material  as  closely  as 
possible.  This  will  enable  one  to  compare  this  closed 
form  analysis  to  the  best  existing  theory  later  in  this 
chapter . 

The  initial  variable  investigated  is  axial  load. 
Figure  (3-2)  and  (3-3)  show  the  effect  of  increasing  the 
axial  load  on  the  adhesive  shear  and  normal  stresses 
respectively.  Figure  (3-2)  shows  that  the  shear  stress 
increased  linearly  with  load.  Thus  a  tenfold  increase 
in  load  nets  a  tenfold  increase  in  shear  stress.  This 
seems  totally  plausible  because,  for  equilibrium  to  be 
maintained,  the  integral  of  the  stress  over  the  adhesive 
area  must  equal  the  applied  load.  Thus,  one  would  expect 
a  1:1  relationship  between  load  and  shear  stress.  Fig¬ 
ure  (3-3)  invites  one  to  observe  two  distinct  phenomena. 
First,  the  normal  stress  dees  not  increase  in  a  linear 
manner  vs.  axial  load  as  does  the  shear  stress.  This  is 
due  to  the  non-linear  increase  in  ircr.ent  at  the  end  of 


the  overlap  which  inturn  is  a  function  of  the  non- 
linearly  increasing  lateral  displacement  of  the  two  ad- 
herends.  Secondly,  and  of  possible  significance,  is 
the  fact  that  the  normal  stresses  go  to  zero  at  approx¬ 
imately  the  same  point  along  the  overlap.  This  is  fur¬ 
ther  emphasized  in  Figure  (3-12)  which  plots  overlap 
length  vs.  normal  stress.  The  significance  of  this  is 
not  obvious.  However,  it  is  believed  by  the  author  to  perhaps 
provide  a  significant  clue  as  to  the  reason  distinct  bands 
on  failed  fatigue  specimens  appear.  This  item  is  pursued 
in  more  detail  in  Chapter  (V) . 

For  equal  adherends  the  analysis  is  such  that 
the  shear  modulus  and  tension  modulus  effects  are  un¬ 
coupled  (i.e.  the  shear  modulus  does  not  influence  the 
normal  stresses  and  vice  versa) .  Figure  (3-4)  relates 
the  influence  of  shear  modulus  on  the  shear  stress  dis¬ 
tribution.  Again,  because  of  equilibrium  consideration 
the  area  under  each  curve  in  Figure  (3-4)  must  equal  the 
applied  load  (since  the  specimen  is  of  unit  width) .  As 
is  to  be  expected  for  any  spring  system  the  stiff er  the 
spring  (i.e.  shear)  modulus  the  greater  the  peak  stress. 
However,  like  many  systems  the  shear  modulus  vs.  load 
effect  is  not  linear.  At  low  modulus  values  the  peak 
stress  is  quite  sensitive,  whereas  at  a  high  modulus 
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value,  analogous  to  an  almost  rigid  body,  the  variation 
of  peak  shear  stress  becomes  insensitive.  Such  a  trend 
is  obvious  in  Figure  (3-4) . 

Figure  (3-5)  displays  an  effect  similar  to  that 
of  Figure  (3-4) .  Namely,  the  tension  modulus  has  a  non¬ 
linear  effect  on  peak  tensile  stresses  for  the  same 
reason  outlined  above.  Thus,  if  one  wished  to  minimize 
peak  shear  and  tensile  stresses  in  the  adhesive,  one 
very  effective  way  would  be  to  use  a  "soft"  adhesive. 

This  would  increase  the  load  capacity  of  the  joint.  More¬ 
over,  many  times  such  adhesives  exhibit  a  ductile  behavior 
which  increases  the  fatigue  life  of  a  lap  joint  for  a 
certain  load  level. 

The  effect  of  adnerend  thickness  on  the  adhesive 
shear  and  normal  stresses  is  displayed  in  Figures  (3-6) 
and  (3-7) .  Again,  in  Figure  (3-6)  the  area  under  each 
shear  curve  must  be  equal  from  equilibrium  considerations. 
Moreover,  one  should  note  that  both  the  adhesive  shear  and 
normal  stresses  increase  as  the  adherend  becomes  rninner. 
The  normal  stress  results  are  primarily  due  to  the 
"softening'  laterally  of  the  adherends  as  they  decrease 
in  thickness.  This  effect  is  much  more  significant  than 
the  reduction  of  edge  moment  due  to  decreased  eccentricity 
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of  the  lap  joint,  the  net  result  being  an  increase  in 
peak  normal  stress.  In  addition,  the  peak  shear  stress 
increases  for  thinner  adherends  because  the  axial  load 
has  less  distance  laterally  to  travel  to  get  to  the  ad¬ 
hesive,  each  ply  being  more  highly  loaded.  Thus,  the 
"shear  lag"  effect  is  effectively  shortened  from  the  out¬ 
ermost  ply  to  the  adhesive-adherend  interface  resulting 
in  a  greater  amount  of  the  axial  load  being  sheared  out 
over  a  shorter  segment  of  the  interface. 

One  of  the  unique  characteristics  of  laminated 
composites  is  that  each  ply  can  assume  any  orientation 
one  wishes  it  to.  Thus,  the  make-up  of  a  certain  ad- 
herend  can  be  whatever  one  wishes  it  to  be.  However, 
nothing  being  free,  the  complexity  of  the  analysis  is 
significantly  increased.  To  study  the  influence  of  this 
new  freedom  (i.e.  ply  orientation)  on  the  adhesive 
stresses  Figures  0-9)  and  (3-10) are  presented. 

To  avoid  any  bending-stretching  coupling  effects 
and  to  employ  a  realistic  lamina  orientation  pattern,  the 
laminae  were  layed-up  per  Figure  (3-8) .  Moreover,  it  is 
assumed  the  1-2  axes  are  the  principle  material  axes, 
while  the  x-y  axes  are  the  geometrical  axes  of  the  part. 
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A  cursory  review  of  Figures  (3-9)  and  (3-10) 
voula  lead  to  the  conclusion  that  ply  orientation  has 
a  modest  effect  on  the  adhesive  stresses  for  the  lamina 
pattern  used.  The  peak  shear  stress  is  increased  only 
7  per  cent  for  the  45o/0o/-45o/0°  degree  case  vs.  the 
all  0  degree  case.  However,  the  normal  stress  is  in¬ 
creased  25  per  cent.  This  is  much  more  significant  as 
the  tensile  strength  of  an  adhesive  is  often  times  sen¬ 
sitive  to  such  increases,  exhibiting  low  tensile  allow¬ 
ables  vs.  their  shear  allowable  stress.  Thus,  for  a 
given  load  and  adhesive  one  can  possibly  precipitate  an 
adhesive  failure  merely  by  orienting  the  plys  of  the  ad- 
herend  in  an  adverse  manner.  Moreover,  it  is  quite 
probably  that  other  lamina  orientation  patterns  could 
cause  a  more  severe  redistribution  effect  of  the  peak 
adhesive  stresses  and  should  be  checked  thoroughly. 

The  influence  of  altering  the  overlap  length 
(LTH3  in  Figure  (3-1))  is  often  considered  a  convenient 
means  to  lowering  an  adverse  adhesive  stress  situation. 

The  results  of  changing  this  parameter  are  detailed  in 
Figures  (3-11)  and  (3-12).  The  overall  effect  is  obvious. 
As  one  increases  the  overlap  length  (the  overall  length 
of  the  part  remaining  constant)  both  the  adhesive  shear 
and  normal  stresses  are  reduced.  However,  as  is  evident 
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in  Figures  (3-11)  and  (3-12)  beyond  a  certain  overlap 
length  one  reaches  a  pcint  of  diminishing  returns.  For 
example  in  Figure  (3-11)  a  much  greater  reduction  in 
peak  shear  stress  occurs  for  an  overlap  change  of  from  .31 
inches  to  1.0  inches  than  from  1.0  inches  to  2.0  inches. 

A  similar  effect  is  observed  in  Figure  (3-12)  for  the 
peak  normal  stresses.  Moreover,  beyond  a  length  of  over¬ 
lap  to  adhered  thickness  ratio  of  approximately  10-12, 
depending  on  ply  orientation,  failure  in  interlaminar 
shear  within  the  adherend  or  a  direct  tensile  failure  of 
the  adherend  itself  is  often  encountered  first  (Refer¬ 
ences  22  and  46) .  For  this  study  the  adherend  thickness 
was  constant  and  equal  to  .063  inches.  Thus,  for  an 
overlap  length  greater  than  .60  inches  a  failure  in  the 
adherend  is  most  likely  to  occur  first.  This  would  negate 
the  advantages  beyond  certain  limits  of  reducing  the  peak 
stresses  in  the  adhesive. 

The  influence  of  certain  constituitive  constants, 
namely  Q-q  and  ^55/  were  studied  to  verify  the  influence 
they  had  on  the  adhesive  shear  and  normal  stresses. 

Figures  (j-13)  and  (3-14)  verify  that  the  primary  elas¬ 
tic  modulus  E-p  has  a  significant  effect  on  the  shear 
and  normal  adhesive  stresses,  especially  as  E-p  becomes 
numerically  small,  analogous  to  a  soft  spring.  Both 
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plots  show  a  significant  reduction  in  adhesive  stress  as 
the  value  of  increases.  This  is  understandable  as 
a  stiffer  adherend  will  reduce  lateral  deflections  which 
will  reduce  the  end  shear  and  moment  values  which  induce 
the  stress  concentrations  at  the  overlap  ends.  Moreover, 
Figure  (3-13)  is  very  convincing  in  displaying  that  the 
shear  stress  becomes  more  uniform  as  the  adherends  become 
more  rigid.  This  is  highly  desirable  and  is  essentially 
a  pure  shear  result  (i.e.  r=  P/A). 

The  influence  of  Q-5  which  is  introduced  into  the 
analysis  by  the  transverse  shear  stress  term,  t 

A  c* 

as  seen  in  Figures  (3-15)  and  (3-16)  is  seen  to  have  a 
minimal  influence  on  the  adhesive  shear  and  normal 
stresses,  at  least  for  thin  adherends.  This  too  is  un¬ 
derstandable,  for  the  influence  of  transverse  shear 
stresses  would  be  minimal  for  adherends  of  small  thick¬ 
ness  (i.e.  h  =  .063")  increasing  in  influence,  especially 
for  anisotropic  materials ,  as  the  thickness  of  the  adherend 
increases . 

An  added  flexibility  of  the  analytical  technique 
developed  herein  is  that  the  stresses  through  the  thick¬ 
ness  of  the  adherend  are  readily  calculated. 

Typical  distributions  of  axial  stress,  transverse 
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shear  stress,  normal  stress  and  longitudional  stress 
through  the  adherend  thickness  for  the  baseline  case  are 
shown  in  Figures  (3-17  -  3-20)  respectively.  The  plots 
also  show  how  these  stresses  vary  along  the  overlap  length. 

Recalling  the  baseline  data,  inspection  of 
Figures  (3-17  -  3-20)  readily  acquaints  one  with  the  fact 
that  near  the  ends  of  the  overlap  (x  =  .01  and  x  =  .30) 
where  the  moments,  axial  load  and  shears  are  largest  the 
peak  stresses  occur.  Moreover,  they  all  vary  ouite 
rapidly  through  the  thickness  of  the  adherend.  In  the 
central  part  of  the  overlap  (x  =  .10  and  x  =  .20)  one  sees 
that  the  peak  stress  levels,  and  range  of  stresses  are  of 
a  much  less  severe  nature.  Moreover,  variation  of  these 
stresses  through  the  adherend  thickness  is  much  less  severe 
than  at  the  ends  of  the  overlap. 

While  the  longitudional  stresses  are  relatively 
small,  it  is  believed  that  for  certain  geometries  the 
large  tensile  and  compressive  axial  stresses  near  the  ends 
of  the  overlap  in  combination  with  the  peak  transverse 
shear  and  ivaiu-ui  stresses  are  responsible  for  the  lamina 
and  cr  resin  adjacent  ro  the  adhesive  failing  before  che 
adhesive  itself,  a  more  thorough  discussion  of  this 
point  will  be  presented  in  the  static  and  fatigue  test 
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Finally/  typical  distributions  of  moment  and 
axial  load  in  the  upp^r  adbernnd  over  the  overlap  ler.gtn 
are  shown  in  Figures  (3-21)  and  (3-22)  respectively.  The 
moment  and  axial  load  both  go  to  zero  at  the  free  «nd  of 
the  adhsrend  as  the  bound!*  conditions  require. 

If  one  were  to  summarise  the  results  of  Figures 
(3-2)  to  (3-16) ,  certain  significant  design  recommenda¬ 
tions  can  be  given  for  the  case  of  two  equal  adherends 
joined  together  in  such  a  manner  that  the  adhesive  will 
fail  initially  (length  of  overlap  to  adherend  thickness 
£  10) .  Primarily,  one  is  interested  in  maximizing  the 
axial  load  a  given  joint  can  transfer.  To  do  this  one 
wishes  to  minimize  the  shear  and  normal  adhesive  stresses. 
This  could  best  be  achieved  by: 

A.  Using  an  adhesive  which  maximizes  the  ratio 
of  shear  strength  to  shear  modulus  and  the 
ratio  of  tensile  strength  to  tension  modulus. 

B.  Maximize  the  value  of  Q-q  or  increase  ad¬ 
herend  thickness.  This  lowers  both  shear 
and  normal  adhesive  stresses. 

C.  Minimize  Q55.  This  has  a  modest  effect 
reducing  peak  shear  and  normal  stresses. 
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D.  Keep  a  balanced  adnerend  (B^  =  0)  while 
limiting  the  orientation  of  the  plys  to 
small  angles  with  respect  to  the  load  axis 
of  the  part. 

E.  Keep  the  length  of  overlap  to  thickness  of 
adnerend  ratio  around  10.  Above  this,  the 
adherends  usually  fail  initially. 

F.  Keep  the  adherends  as  similar  in  in- plane 
stiffness  (Et)  as  practicable.  This  minimizes 
the  peaking  of  adhesive  shear  and  tensile 
stresses  due  to  the  lack  of  symmetry  of  the 
lap  joint  (Reference  22) . 

To  conclude  this  study  it  is  believed  to  be  of 
interest  to  compare  the  adhesive  shear  and  normal  stress 
distributions  of  the  Bond3  analysis  vs.  that  of  Goland  and 
Reissner  (Reference  23).  To  accomplish  this,  the  baseline 
data  case  of  Figure  (3-1)  was  analyzed  by  both  techniques. 
Moreover,  certain  variables  were  altered  and  the  net  results 
were  again  compared  by  analyzing  the  new  joint  by  both 
analytical  techniques  where  possible.  The  results  are 
self-explanatory  and  are  presented  in  Figures  (3-23)  to 
(3-34)  . 

The  variables  considered  were: 
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A.  Plv  orientation  -  See  Figure  (3-8)  on 

page  207  for  the  lamina  orientation  pattern. 

B.  Thickness  of  adherends. 

c.  Shear  and  tensile  modulus. 

D.  Axial  load. 

E.  Primary  elastic  modulus  of  adherend  material  - 
Ell' 

A  cursory  examination  of  the  results  shows  ex¬ 
cellent  agreement  between  the  two  analytical  techniques 
for  the  variation  of  the  selected  input  variables  at  the 
end  regions  of  the  overlap.  It  is  within  this  region  that 
the  more  elaborate  Bond3  analysis  is  justified.  Its  in¬ 
clusion  of  transverse  shear  and  normal  strain  effects 
enables  one  to  satisfy  the  boundary  condition  that  the 
shear  stress  is  zero  at  the  end  of  the  overlap.  More¬ 
over,  it  is  the  inclusion  of  these  secondary  effects  that 
accounts  for  the  difference  in  numerical  values  at 
x  =  0.0.  Further  advantages  of  the  Bond3  analysis  are 
that: 

1.  It  has  the  capability  to  handle  anisotropic 
material  systems  of  various  ply  orientation. 

2.  Bone  3  can  analyze  unsynunetric  lap  -  joint 
configurations . 
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3.  Bond3  can  calculate  the  stresses  throughout 
the  thickness  of  the  adherend.  This  is  very 
useful  in  predicting  adherend  initial  failures. 

4.  Per  Figures  (3-27)  and  (3-28)  it  is  obvious 
that  the  two  analyses  diverge  for  thicker  ad- 
herends.  This  is  because  the  transverse  sheer 
and  normal  strain  effects  become  more  sig¬ 
nificant  in  thicker  adherends. 

In  conclusion,  it  has  been  shown  that  an  elabo¬ 
rate  analysis  for  a  single-lap  joint  in  the  most  general 
configuration  has  been  developed  and  has  been  shown  to  be 
accurate  in  all  respects. 


CHAPTER  IV 


A.  ELASTIC  MODULUS  MEASUREMENTS  ON  10 G 2  S 
FIBERGLASS  MATERIAL 

The  objective  of  this  section  is  to  substantiate 
that  the  material 'elastic  constants  as  used  by  the  Boeing- 
Vertol  Company  are  in  fact  those  possessed  by  the  1002  S 
fiberglass  material  used  in  this  test  program.  To  sub¬ 
stantiate  the  Boeing  data,  a  two  phase  program  was  con¬ 
ducted. 

1.  Ultrasonic  measurement  of  E^;  E22'  E33' 
and  Poisson's  ratio  were  made. 

2.  The  primary  tensile  modulus  (E.^)  of  0°  ply 
test  pieces  was  determined  using  the  conven¬ 
tional  static  load  test  procedure. 

These  test  methods,  together  with  the  test  speci¬ 
mens  and  the  results  are  described  within  this  chapter. 

The  ultrasonic  test  program  was  conducted  gratis 
by  Mr.  John  Zurbrick  of  the  General  Electric  Company,  Cin¬ 
cinnati,  Ohio.  The  tests  were  made  using  specimens 
3"  x  3"  x  .28"  thick.  They  are  shown  in  Figure  (4-1).  The 
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FIGURE  (4  1)  TYPICAL  ULTRASONIC  MODULUS  SPECIMEN 
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FIGURE  (4-3}  AND  (4-7)  MODULUS  AND  ULTIMATE  STRENGTH 
DESTRUCTIVE  TEST  SPECIMEN 
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test  technique  is  thoroughly  described  in  reference  (62) 
but  will  be  briefly  reviewed  here. 

It  has  been  shown  that  a  correlation  exists  be¬ 
tween  non-destructive  measurements  and  destructive  mea¬ 
surements  in  obtaining  numerous  physical  properties  of 
a  given  material  system.  One  such  property  is  the  tensile 
modulus  of  composite  material  systems.  The  basis  for  this 
correlation  lies  in  the  observation  that  the  non-destruc¬ 
tive  test  quantity  KpV  2  is  related  to  the  initial  elas- 
tic  modulus  of  the  material.  K  is  a  conversion  constant 
to  give  one  the  elastic  modulus  in  PSI  units.  V  is 
the  non-destructive  bulk  wave  ultrasonic  longitudional 
velocity  while  p  is  the  nondestructively  determined  den¬ 
sity  of  the  material  being  tested.  The  idea  is  to  measure 
the  ultrasonic  velocity  and  the  density  at  the  same  point 
relating  the  resulting  product  (i.e.  pV ^  )  to  the 
mechanical  properties  in  question.  Such  measurements  are 
accomplished  by  the  system  displayed  in  Figure  (4-2) . 

The  frequency  used  for  such  tests  is  one  MHz.  Moreover, 
the  accuracy  in  determing  the  modulus  values  is  generally 
no  worse  than  1  10  per  cent  to  a  mean  t  2  a  confidence 
level  with  respect  to  destructively  determined  modulus 
measurement.  However,  one  must  recognize  when  comparing 
ultrasonic  modulus  values  with  destructively  determined 
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modulus  values  that  one  really  does  not  know  which  is 

the  absolute  right  answer  from' which  to  measure  error. 

* 

One  can  only  state  that  the  true  modulus  should  be  with¬ 
in  this  narrow  band. 


The  results  of  the  ultrasonic  measurements  of 
elastic  modulus  in  the  three  primary  directions  and  of 
Poisson's  ratio  for  1002  S  material  is  given  in  Table 
(4-1) .  The  elastic  modulus  is  calculated  in  PSI  units 
per  the  equation 


E 


0.0124 


(4.1) 


where 


K 


1 

0.0124 


The  results  show  that  the  primary  elastic  modulus  is 

approximately  6.35  x  10^  PSI.  Moreover,  the  elastic 

moduli  in  the  90  degree  and  transverse  direction  are 

6 

equal  and  approximately  2.4  x  10  PSI.  Poisson's  ratios 
were  measured  to  be  .23  inches  in  all  directions.  This 
is  a  slightly  erroneous  assumption  for  if  one  employs 
the  relation 

E.  v..  =  E.  v..  (i/j  =  1,2.3)  (4.2) 

i  Di  3  13 

he  will  see  that  Poisson's  ratios  cannot  be  equal  in  all 


TABLE  (4-2) 
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AVERAGE 


directions  and  satisfy  this  relation  in  all  cases. 

In  a  further  effort  to  substantiate  the  values 
of  the  elastic  constants  to  be  used  throughout  this  pro¬ 
gram  and  to  correlate  destructive  and  non-destructive 
test  results,  a  static  test  program  to  determine  the  pri' 
mary  elastic  modulus  was  initiated.  Typical  test 
pieces  used  are  shown  in  Figure  (4-3) .  They  were  seven 
ply  unidirectional  layers  with  bonded  cross-ply  doublers 
on  the  ends.  Pertinent  dimensions  along  with  the  elas¬ 
tic  modulus  (E-q)  ^sults  are  given  in  table  (4-2)  . 

The  testing  was  performed  using  an  Instron  Model 
TT-DM  testing  machine.  Deformations  were  recorded  using 
a  Tinius-Olsen  S-l  2  inch  gage  length  extensometer .  The 
test  set-up  is  shown  in  Figure  (4-4)  . 

Upon  loading  the  specimens f load  vs.  deformation 
curves  shown  in  Figures  (4-5)  and  (4-6)  were  recorded 
using  a  Moseley  Model  700 1A  x-y  recorder.  The  test  was 
performed  three  times  on  each  specimen.  The  primary 
modulus  was  determined  using  the  relation 

E  _  (Load)  (Gage  Length) _ (4-3) 

^11  (X-section  Area)  (deformation) 

These  results  are  given  in  table  (4-2)  „ 


SUMMARY  OP  MODULUS  MEASUREMENTS 
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A  summary  of  the  ultrasonic  static  and  Boeing- 
Vertol  accepted  modului  values  are  stated  in  table  (4-3) 
The  ultrasonic  measurements  of  are  seen  to  be  larger 
than  the  static  measurements  of  by  about  .35  x  lo6, 
yet  all  ultrasonicly  measured  properties  are  very  close 
to  the  accepted  Boeing-Vertol  data.  No  obvious  reason 
for  this  slight  discrepancy  is  known  other  than  normal 
experimental  scatter.  Moreover,  it  was  decided  that  the 
Boeing-Vertol  data  was  excellent  for  the  1002  S  material 
being  used  in  this  test  program.  As  a  result  all  calcu¬ 
lations  employ  the  numerical  values  of  the  elastic  con¬ 
stants  supplied  by  the  Boeing-Vertol  Company. 


ULTIMATE  STRENGTH  AND  STRESS  STRAIN  DATA 


E 
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OF  THE  APHEREND  MATERIAL . 

The  objective  of  this  phase  of  the  test  program 
was  to  determine  the  ultimate  strength  of  1002  S  pre- 
preg  material  in  an  all  0°  and  a  45o/0°/-45o/0°  lay-up 
pattern.  Also  the  load-deformation  curves  of  the  material 
were  desired. 

The  tests  were  performed  using  the  Instron  Model 
TT-DM  test  machine.  Test  loads  were  introduced  through 
cross-ply  tabs  bonded  to  the  specimen  ends.  A  typical 
specimen  configuration  is  shown  in  Figure  (4-7) .  Specimens 
Bl  -  B3  are  the  all  0°  items  while  specimens  F21  -  F24 
are  the  45o/0°/-45o/0°  items. 

All  loading  was  applied  at  a  crosshead  rate  of 
.05  cm/min.  and  at  room  temperature.  Axial  displacements 
were  recorded  using  a  Tinius-Olsen  SI  extensometer .  The 
test  set  up  is  shown  in  Figure  (4-8).  Load  vs.  dis¬ 
placement  plots  were  recorded  using  a  Moseley  Model  7001  A 
x-y  recorder.  Figures  (4-9),  (4-10),  (4-11)  and  (4-12) 

show  the  load-deformation  plots.  They  are  essentially 
linear  until  failure.  The  jagged  marks  on  the  uni-ply 
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FIGURE  (4-10)  1002-S  PRE-PREG  TAPE  LOAD-DEFORMATION  DATA 
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DEFORMATION  INCHES 


specimens  are  due  to  poor  specimen  design.  They  point 
out  where  the  tapered  area  of  the  specimen  marked  (A) 
in  Figure  (4-7)  broke  away  from  the  main  specimen. 

The  ultimate  load  results  are  summarized  in 
table  (4-4) .  Pictures  of  the  ultimately  failed  spe¬ 
cimens  are  displayed  in  Figures  (4-13)  and  (4-14) . 

The  failures  were  sudden,  made  a  loud  banging  sound  and 
were  generally  catastrophic.  From  table  (4-4)  one  can 
see  that  the  cross-ply  specimens  attained  an  ultimate 
load  of  50  per  cent  of  the  all  0°  specimens.  This  is 
attributed  to  loading  the  cross-ply  specimens  in  an 
adverse  manner  which  results  in  premature  failure  of 
the  resin  in  shear  and  tension. 

In  conclusion,  the  ultimate  stress  levels  attain¬ 
ed  in  these  tests  are  in  good  agreement  with  accepted 
design  values  for  the  1002  S  pre-preg  material  system. 


C.  SHEAR  MODULUS  TESTS 


Based  on  the  assumptions  of  the  analysis  out¬ 
lined  earlier  it  is  necessary  to  obtain  accurate  values 
of  the  proportional  limit  and  the  shear  modulus  of  the 
adhesive  as  they  exist  within  the  constrained  environment 
of  the  joint.  Also,  the  general  shape  of  the  shear  stress- 
strain  curve  of  EA951  adhesive  is  needed.  These  data 
are  presented  in  this  section.  Furthermore,  the  results 
presented  herein  reflect  the  effects  of  varying  the  ad¬ 
hesive  thickness  and  varying  the  overlap  length  of  the 
joint.  The  effect  of  the  orientation  of  the  lamina 
adjacent  to  the  adhesive  will  also  be  investigated  for 
both  0  =  45°  and  0°. 

The  test  piece  selected  to  determine  the  desired 
adhesive  properties  is  shown  in  Figure  (4-15).  Basica^y 
it  is  two  0.25  inch  thick  laminates  bonded  together  with 
the  EA951  adhesive.  After  curing  the  material  is  cat  as 
specified  in  Figure  (4-16)  to  provide  a  theoretically 
ideal  adhesive  lap  shear  test  piece.  The  assumption  in 
using  this  test  piece^  to  acquire  the  adhesive  properties 
in  the  constrained  environment,  is  that  the  two  adherends 
are  essentially  rigid  bodies  compared  to  the  soft, 
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Figure  (4-17)  Adhesive  Modulus  Test  Set-Up 
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elastomeric  nature  of  the  adhesive.  Thus  if  in  the 
joint  area  one  mounts  a  zero  length  extensometer  as 
shown  in  Figure  (4-17)  one  can  measure  quiet  accurately 
the  deformation  of  the  adhesive,  especialy  in  the  lower 
load  range,  to  determine  adhesive  shear  modulus  and 
proportional  limit. 

The  test  pieces  were  fabricated  at  the  Boeing- 
Vertol  Company  in  two  steps.  First,  the  thick  adherends, 
approximately  .25  inches  thick  x  24"  x  12"  were  layed 
up  in  a  mold  using  1002  S  pre-preg  tape.  The  adherends 
were  then  cured  in  an  autoclave  at  320  Fahrenheit.  Next, 
the  two  parcels  were  bonded  together  using  EA951  film  in 
two  basic  thicknesses  of  2.5  mils  and  10  mils.  The  film 
was  layed  on  one  adherend  and  then  the  other  adherend 
was  layed  on  top  of  the  film.  The  adhesive  was  cured  at 
50  psi  and  350°  Fahrenheit.  After  this  final  cure  the 
test  pieces  were  cut  from  the  panel  approximately  one 
inch  wide  each.  Finally,  a  precision  cut  was  made 
through  the  thickness  of  the  adherends  to  give  the 
concentric  lap  shear  specimen  shown  in  Figure  (4-15) . 

l:ert.inent  data  of  each  test  piece  were  measured 
and  a^e  tabulated  in  Tables  (4-5)  and  (4-6)  .  All  di¬ 
mensions  except  the  adhesive  tnickness  were  measured  by 
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means  of  a  micrometer.  The  adhesive  thickness  was  de¬ 
termined  using  a  Zeiss  optical  microscope  with  a  mag¬ 
nification  of  80  x.  The  measurements  represent  an 
average  adhesive  thickness  as  the  interface  between  the 
adherend  and  glueline  undulated  smoothly  as  shown  in 
Figure  (4-18) .  In  numerous  instances  the  adhesive 
thickness  in  the  undulated  area  was  thicker  than  the 
nominal  dimensions  of  the  film.  The  overall  test 
set-up  includes  a  Tinius-Olsen  Model  SI  LVDT  to 
measure  deformation,  an  amplifier  to  amplify  the  signal 
from  the  LVDT,  an  Instron  Model  TT-DM  testing  machine 
to  apply  the  load,  and  a  Moseley  Model  7001A  x-y 
recorder  to  record  the  load-deformation  information. 

The  test  procedure  was: 

1.  Calibrate  the  Instron  testing  machine  and 
the  x-y  recorder. 

2.  Place  the  specimen  in  the  top  grip,  making 
sure  the  specimen  hangs  in  a  true  vertical 
position.  Put  on  the  lower  grip  and  tighten, 
being  sure  that  the  specimen  is  not  pre- 
loaded.  This  is  accomplished  using  the 

load  release  lever  on  the  Instron  control 


panel. 
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3.  Strike  a  horizontal  line  on  the  specimen 
where  you  wish  to  put  the  knife  edges. 

Put  the  LVDT  on  the  specimen  and  line  up 
knife  edges  with  this  horizontal  line. 

4.  Select  the  load  and  deformation  scales 
desired.  For  most  of  this  test  data  a  20 
kilogram  load  scale  was  used  with  a  deforma¬ 
tion  magnification  accurate  to  25.  x  10-^ 
inches . 

5.  Set  the  load  rate  to  .05  centimeters  per 
minute  and  set  the  specimen  by  preloading 
it  to  ten  kilograms.  This  improved  the 
initial  segment  of  the  load  vs.  deformation 
curve.  Load  the  specimen, recording  load  vs. 
deformation  data 

i 

In  analyzing  the  test  procedure  for  possible 
errors,  several  items  are  worthy  of  discussion.  As 
mentioned  earlier, the  interface  between  the  adhesive  and 
the  adherend  undulates  evenly  over  the  length  of  the 
bond.  However,  this  variation  was  no  more  than  5  per 
cent  of  the  overall  adhesive  thickness  and  at  this  time 
is  thought  to  be  insignificant  in  determining  an  accurate 
gage  length  for  the  modulus  measurements. 
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Another  source  of  error  is  the  alignment  of  the 
knife  edges  on  t’”  specimen  such  that  one  has  a  true 
zero  length  extensometer .  To  check  out  the  LVDT  used, 
the  knife  edges  were  lined  up  visually  on  regular  tensile 
specimens  and  load-deformation  plots  were  recorded  for 
the  lower  load  range  within  which  the  data  for  shear 
modulus  and  proportional  limit  load  were  determined. 

Figure  (4-19)  shows  the  results  of  a  typical  proof  test 
on  a  fiberglass  specimen.  While  the  plot  would  show 
an  error  of  10  per  cent  in  some  cases, the  precision  of  the 
LVDT  is  such  that  half  this  error  can  be  attributed  to  the 
accuracy  limits  of  the  system.  Thus  overall  a  maximum 
error  of  5  per  cent  can  be  attributed  to  the  positioning 
of  the  knife  edges . 

Finally,  it  was  noted  that  the  LVDT  exhibited  a 
nonlinear  response  over  part  of  its  range.  The  tests 
were  conducted  with  an  eye  to  staying  within  the  linear 
range  of  the  extensometer.  However,  an  error  up  to  5 
per  <„ent, could  have  been  introduced  due  to  this  factor. 
Thus,  in  summary  it  is  felt  the  data  in  this  section 
pertaining  to  shear  modulus  and  the  proportional  limit 
of  the  adhesive  are  in  error  by  at  most  ten  per  cent, 
as  it  is  believed  highly  unlikely  that  the  worst  case 
of  all  probably  errors  would  occur  simultaneously. 
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Before  evaluating  the  test  results,  one  must 
realize  that  in  most  instances  of  statistical  evaluation 
of  the  test  data  one  has  at  best  a  small  sample  with 
which  to  project  the  trends  of  an  assumed  normal  popu¬ 
lation  distribution.  This  is  especially  true  in  de¬ 
termining  the  effective  shear  modulus.  Therefore,  while 
certain  data  points  look  out  of  line  from  the  general 
trend  and  statistically  speaking  could  be  discarded 
(i.e.  Chauvenet's  criterion),  it  is  believed  by  the 
author  to  be  in  the  best  interest  of  all  who  interpret 
these  results  to  view  the  total  picture.  Therefore, 
all  data  points  are  included  in  the  evaluation  of  the 
test  data. 

The  statistical  data  given  in  Figures  (4-29)  to 
(4-3  7)  assumes  a  linear  regression  analysis  to  be  valid 
as  one  only  has  two  distinct  data  points  to  study.  From 
these  one  can  get  the  best  fit  line  through  the  data 
plus  a  measure  of  the  interdependence  of  the  x-axis 
variable  on  the  y-axis  variable.  This  is  given  by  the 

JL 

correlation  coefficient  whereby  a  value  of  _  1  means 
perfect  correlation.  The  mean  *  two  standard  deviations 
from  the  mean  give  one  a  95  per  cent  confidence  that 
the  mean  falls  within  the  band  (I)  specified. 
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The  effective  shear  modulus  was  calculated  from 
the  typical  lo„  ’^-deformation  curves  of  Figures  (4-20) 
and  (4-21).  All  the  data  were  recorded  at  a  strain  rate 
of  .05  cm/min,  a  temperature  of  72°  F.  and  a  relative 
humidity  range  of  from  30-45  per  cent.  The  effective 
shear  modulus  (G)  was  calculated  by  determining  the 
slope  of  the  load  deformation  curve  over  its  first  100 
kilograms  of  loading.  Therefore  the  effective  shear 
modulus  can  be  found  by 

r  -  (100KG)  (2 . 204#/KG) 

ipsi)  Deformation  (Overlap)  (Width)  '4-4, 
Adhesive 

Pertinent  dimensions  and  a  summary  of  the  range  of  (G) 
values  are  given  in  Tables  (4-5)  and  (4-6).  One  should 
note  that  the  conge  of  effective  shear  moduli  is  from 
1500  psi  to  20,0'  J  psi  accounting  for  the  parametric 
variables  studied.  These  were  (1)  orientation  of  plys 
in  adherends.  The  two  configurations  looked  at  were 
(a)  an  all  uni-ply  adherend,  (b)  a  +45°/0°/-45o/0o 
adherend  with  the  45°  layer  always  adjacent  to  the  ad¬ 
hesive.  (2)  The  length  of  overlap  -0.30"  and  0.60" 
were  used.  (3)  The  adhesive  thickness.  Again  two 
nominal  thicknesses  were  used,  a  2.5  mil  and  a  10  mil 
film.  However,  on  numerous  occasions  the  measured  ad- 


FIGURE  (4-24)  TYPICAL  ADHESIVE  SHEAR  TEST 
RESIN  FAILURE 
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hesive  thickness  was  somewhat  larger  than  the  baseline 
dimension. 

The  type  of  failures  experienced  were  primarily 
adhesive  and  cohesive.  These  are  shown  in  Figures  (4-22) 
and  (4-23)  respectively.  However,  one  set  of  three 
specimens  (.60  inch  overlap,  .003  inch  adhesive)  did 
fail  in  the  resin  and  this  failure  is  shown  in  Figure 
(4-24)*  Moreover,  the  .60  inch  overlap  and  10  mil  ad¬ 
hesive  appeared  to  have  a  secondary  failure  initiating 
in  the  resin 

One  final  point  should  be  made  before  evaluating 
the  data.  Concern  has  been  expressed  that  the  test  was 
not  the  idealized  pure  shear  test  one  hoped  it  to  be. 
Possibly  the  adherent’s  did  deform  appreciably  and  in¬ 
fluence  the  results  and/or  the  shear  strain  was  not 
uniform  over  the  length  of  the  overlap.  To  prove  or 
disprove  these  fears  a  grid  was  marked  on  a  test  piece 
as  shown  in  Figure  (4-25) •  This  specimen  was  then 
loaded  and  filmed.  The  results  are  shown  in  Figures 
(4-26)  and  (4-27)  and  (4-28).  Summarily  they  show  that 
over  all  except  the  open  end  of  the  joint  the  shear 
strain  is  uniform.  Moreover,  the  grid  lines  on  the 
adherends  remained  vertical  even  to  the  ultimate  load 


Unloaded  edge 


of  the  adhesive.  Therefore,  the  test  is  considered  to 
be  a  legitimate  test  for  calculating  the  properties  of 
adhesives  as  they  exist  within  the  constrained  environ¬ 
ment  of  the  joint. 

The  first  parametric  variable  studied  was  the 
effect  of  the  adhesive  thickness  vs.  the  effective  shear 
modulus.  Figures  (4-29) and  (4-30)  show  these  results 
for  an  overlap  of  0.30"  and  0.60"  respectively.  The 
results  consistently  show  a  trend  that  the  shear  modulus 
increases  as  the  adhesive  thickness  increases.  Moreover, 
for  three  of  the  four  plots  the  correlation  factor 
is  sufficiently  high  enough  that  the  element  of  chance 
causing  this  is  rather  small.  One  possible  explanation 
is  that  the  flaws ,  always  within  a  material ,  are  much 
more  critical  for  the  thinner  adhesives,  thus  effectively 
reducing  its  modulus. 

Moreover,  two  examples  of  related  research  are 
known  by  the  author.  The  first  is  a  McDonald-Douglas 
report  on  bonded  and  bolted  joints,  (Reference  22) 

They  too  observed  a  significant  scatter  of  modulus  data 
using  a  conventional  thin  cylindrical  torsion  shear 
test.  Their  results  suggested  that  the  shear  modulus 
decreased  as  the  adhesive  thickness  increased.  Moreover, 


OVERLAP 


eo 
u ) 
w 
% 

U 

H 


o  <  J - J 


O 

iH 

O 


X 

u 

22 

H 


CO 

CO 

W 

VD  W 
O  U 
O  H 
•  K 

W 

> 

H 

CO 

W 

m 

a 


CN 

O 

O 


H 

K 

> 

H 

CO 

w 

E 

o 

c 


* 

CO 

> 


CO 

D 

D 

Q 

O 

S 

< 

w 

CO 

w 

> 

H 

U 

W 

En 

Ek 

W 

w 


> 

H 

CO 

W 

ffi 

Q 

< 


G\ 

CN 

I 


J _ L _ I _ I _ I 

O  lO  o  LO  o 

w  H  H 


w 

D 

O 

H 

P4 


(isd)  £oi  x  smnaow  hvshs  aAiioaaaa 


286 


they  generated  their  results  for  adhesive  thicknesses 
of  primarily  from  10  to  16  mils.  This  contradiction 
could  possibly  be  explained  by  the  difference  in  test 
specimens  (ring  vs.  lap  joint)  and/or  test  procedure 
(torsion  vs.  axial  load).  Moreover,  the  fact  that  the 
author's  adhesive  thickness  range  of  3  mils  to  12  mils 
was  significantly  removed  from  the  10  to  16  mil  tests 
run  by  McDonald-Douglas ,  may  be  nothing  more  than  the 
generation  of  legitimate  data  in  the  very  thin  film 
range.  Finally,  the  discrepancy  could  have  been  at¬ 
tributed  partly  or  in  whole  to  the  significant  differ¬ 
ences  in  aaherend  stiffnesses  between  stainless  steel 
and  fiberglass  material  systems.  This  fact  is  modestly 
substantiated  by  the  work  of  Hughes  and  Rutherford 
(  59  )  who  used  a  similar  torsion  ring  test  to  calculate 
the  shear  modulus  of  more  rigid  resin  systems.  Their 
results,  which  again  showed  considerable  scatter,  indi¬ 
cate  that  aluminum  vs.  stainless  steel  adherends  did 
give  different  modulus  measurements  with  the  aluminum's 
measurements  being  slightly  lower.  Their  results  were 
for  the  8  to  35  mil  range,  for  several  resin  systems. 
They  found  no  dependence  of  thickness  vs .  shear  modulus 
over  this  range  of  adhesive  thicknesses. 

The  effect  of  Poisson's  ratio  may  also  be 
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considered.  One  realizes  that  for  the  difference  of 
Poisson’s  ratio  between  the  adherend  and  adhesive 
material  systems  to  have  an  effect  one  must  investigate 
a  dir.-. Visional  change  in  the  adhesive  under  load.  In 
the  shear  test  this  is  not  the  case.  In  a  pure  shear 
test  one  only  changes  the  orientation  of  the  material. 

Th as  the  effect  of  Poisson’s  ratio  on  the  results  is 
believed  to  be  negligible. 

Finally,  in  observing  Figures  (4-29)  and  (4-30) 
the  effect  of  ply  orientation  would  seem  to  be  minimal 
at  best.  This  could  imply  that  the  angle  of  the  ply 
next  to  the  adhesive  has  no  effect  and/or  the  modest 
change  in  adherend  stiffness  for  the  two  adherends  tested 
was  insignificant. 

The  influence  of  overlap  length  vs.  effective 
shear  modulus  is  shown  in  Figures  (4-31)  and  (4-32) 
for  a  thickness  of  the  adhesive  from  8  to  13  mils  and 
3  mils  respectively. 

While  the  influence  of  ply  orientation  is  readily 
seen  to  be  modest  at  best. the  decrease  of  the  effective 
shear  modulus  vs.  overlap  length  would  seem  to  be  very 
clearly  defined  by  three  of  the  four  curves.  Any  attempt 


EFFECTIVE  SHEAR  MODULUS 


OVERLAP  LENGTH  (INCH) 

FIGURE  (4- 32'  ADHESIVE  EFFECTIVE  SHEAR  MODULUS  VS 

OVERLAP  LENGTH 
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to  explain  why  the  one  curve  deviates  from  a  trend  based 
on  so  few  data  points  is  at  best  conjecture-  However, 
the  group  of  data  marked  (A)  in  Figure  (4-31)  did  fail 
in  a  mixed  mode.  While  the  resin  failed  in  the  fibers 
adjacent  to  the  adhesive,  the  primary  mode  of  failure 
was  thought  to  be  in  the  adhesive  itself.  Possibly  this 
had  some  unexplained  effect. 

In  concluding  this  discussion  on  shear  modulus 
several  comments  as  to  the  relatively  low  values  of  the 
modulus  are  felt  necessary. 

First,  the  EA951  adhesive  is  an  epoxy-nylon  film 
whose  granular  make-up  is  felt  to  put  it  in  a  category 
with  elastomers.  Thus,  one  would  expect  low  modulus  values. 
Second,  the  overall  scatter  of  data  is  not  unusual  as  in 
Reference  (  22) ,  modulus  values  of  from  13  KSI  to  26  KSI 
for  EA951  film  were  observed  using  the  torsion  ring  shear 
test. 


It  was  very  desirable  to  determine  the  proportional 
limit  of  the  adhesive  during  these  tests.  This  was  accom¬ 
plished  employing  the  graphs  in  Figures  (4-20)  and  (4-21) 
to  determine  where  the  curve  broke  from  its  linearity. 
Moreover,  another  indicator  of  the  proportional  limit  was 
thought  to  be  the  emergence  of  the  saw  tooth  effect  on 


the  upper  part  of  the  curves  in  Figures  (4-20)  and  (4-21). 
It  is  theorized  that  the  saw-tooth  is  really  the  material 
creeping  rather  rapidly.  Moreover,  it  is  known  that  the 
adhesive  is  very  ductile  displaying  ultimate  strains  up  to 
380  per  cent  per  table  (4-6) . 

Figures  (4-33)  and  (4-34)  show  in  a  straight 
forward  manner  that  adhesive  thickness  has  no  effect  on 
the  proportional  limit  over  the  range  of  adhesive  thick¬ 
nesses  tested.  Moreover,  the  effect  of  ply  orientation 
seems  insignificant.  In  addition  the  effect  of  over Ian 
on  the  proportional  limit  is  presented  in  Figures  (4-35) 
and  (4—36) -  Results  of  Figure  (4-35)  would  suggest  that 
the  proportional  limit  is  a  function  of  overlap.  How¬ 
ever,  a  further  inspection  Figure  (4-36) reveals  that  if 
one  looks  at  the  proportional  limit  load  the  effect  of 
overlap  is  minor.  This  would  seem  to  be  a  true  readinq  of 
the  influence  of  geometrical  variations  on  the  proportional 
limit  of  the  adhesive. 

Figure  (4-37)  reveals  the  ultimate  shear  stress 
of  the  adhesive  for  all  samples.  The  results  seemed  to 
be  independent  of  any  geometric  variations.  The  average 
ultimate  shear  stress  of  the  adhesive  is  found  to  be 
=  4300  PSI  for  a  .05  cm/min  strain  rate. 
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Note  is  made  of  the  three  specimens  (.60"  overlap 
and  a  3  mil  adhesive' thickness)  which  failed  in  the  resin. 
These  values  were  not  included  in  determining  the  ultimate 
shear  stress  of  the  adhesive. 

During  the  test  program  two  angle-ply  adherend 
specimens  were  loaded  and  unloaded  as  in  Figure  (4-38) 
to  determine  the  elastic  limit  of  the  adhesives.  The 
two  tests  while  far  from  being  conclusive /consistently 
showed  the  elastic  limit  to  be  around  80  kilograms. 

Note  is  made  of  the  hysteresis  loops  in  Figure  (4-38) . 

Most  of  this  is  due  to  the  int-r  of  the  Instron  machine 
as  one  changes  load  direction. 

Again  employing  two  of  the  uni-ply  specimens  the 
characteristic  load  -  deformation  curve  of  the  adhesive 
was  determined.  Figure  (4-39)  shows  this.  One  should 
readily  note  the  ductile  nature  of  this  adhesive  and  that 
its  behavior  seems  to  approach  that  of  an  elastic-perfesfcly 
plastic  material.  This  information  is  of  value  in  suggesting 
a  plastic  analysis  approach  of  the  single  lap  joint  which 
will  be  elaborated  on  in  a  later  report. 

Conclusions 

1.  The  test  described  herein  is  a  satisfactory 
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test  to  determine  the  shear  modulus  within 
the  constrained  region  of  the  joint. 

2.  An  error  of  10  per  cent  in  the  results  is 
possible. 

3.  Three  sets  of  data  by  independent  researchers 
resulted  in  three  different  results  concerning 
the  effect  adhesive  thickness  has  on  the  ef¬ 
fective  shear  modulus. 

4.  The  effect  of  altering  the  ply  orientation 
within  the  adherend  has  a  modest  effect. 

5.  The  overlap  length  of  the  joint  is  inversely 
proportional  to  the  effective  shear  modulus. 

6.  Neither  overlap,  p]v-orientation  or  adhesive 
film  thickness  had  an  effect  on  the  proper 
tional  limit  . 

7.  The  elastic  limit  of  the  EA951  film  was  found 
to  be  approximately  80  kilograms. 

8.  The  ductility  of  EA951  film  makes  it  desirable 
for  fatigue  applications  in  shear. 


2.  The  influence  of  overlap  length  on  the  ef¬ 
fective  shear  modulus  should  also  be 
studied  in  detail  employing  isotropic  ad- 
herend  materials. 

3.  Further  studies  of  the  influence  of  adhesive 
thickness  and  overlap  length,  over  a  wider 
range  of  variance,  on  the  shear  modulus  of 
EA951  film  should  be  made  using  fiberglass 
adherends . 

4.  The  effects  of  strain  rate,  pre-strain,  and 
fatigue  loading  o'  the  shear  properties  of 
EA951  film  should  be  studied. 


2" 


D-  ADHESIVE  TENSILE  TESTS 

The  behavior  of  adhesive  bonded  joints  under 
various  loading  conditions  depends  to  a  great  degree  on  the 
mechanical  properties  of  the  adhesive  in  the  joint.  More¬ 
over,  these  mechanical  properties  are  generally  quite 
different  for  the  adhesive  in  bulk  form  vs.  it's  charac¬ 
teristics  when  restrained  by  the  adherends.  Therefore, 
one  needs  to  know  the  true  tensile  modulus  and  ultimate 
tensile  strength  of  the  adhesive  in  the  joint  configura¬ 
tion.  It  is  the  intent  of  these  tests  to  supply  an  initial 
evaluation  of  these  properties. 

The  tests  of  this  section  employ  EA951  nylon- 
epoxy  adhesive.  The  results  include  values  for  the  true 
Poisson's  ratio,  tension  modulus  and  ultimate  strength. 

In  addition  comments  on  the  elastic  limit,  proportional 
limit  and  tensile  load-deformation  curve  for  EA951  will  be 
presented. 

While  it  has  been  shown  (Reference  59)  that 
adhesive  thickness,  pre-strain,  strain-rate,  type  of 
adherend  material  and  time  between  loads  can  influence 
these  results,  only  two  variables  will  be  studied  at  this 
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time.  They  are  adhesive  thickness  and  surface  area  of 
bond.  These  two  variables  were  selected,  to  provide  max¬ 
imum  correlation  with  the  shear  tests  as  their  results 
influence  the  final  values  of  the  true  tensile  modulus  and 
the  Poisson's  ratio  of  the  adhesive  (Reference  61). 

Moreover,  the  adhesive  thicknesses  and  surface  area  values 
selected  are  based  on  duplicating  those  quantities  used  in 
the  lap  joint  specimens. 

The  test  pieces  are  standard  butt  joint  specimens 
Figure  (4-40).  The  adherend  material  is  1002  S  fiberglass 
pre-preg  tape.  The  adherends  were  fabricated  at  the  Boeing- 
Vertol  Company.  The  fiberglass  plys  were  layed  up  to  the 
desired  thickness  in  molds  24  inches  x  12  inches.  After 
curing  at  320°  F  the  part  was  cut  in  two.  EA951  adhesive 
film  in  2.5  and  10  mil  thicknesses  was  put  in  place  be¬ 
tween  the  ends  of  the  two  cut  panels  and  cured  in  an  auto¬ 
clave  at  50  psi  pressure  and  350°  F.  After  this  cure 
cycle,  one  inch  wide  specimens  were  cut  from  the  panel 
and  .25  inch  diameter  pin  holes  wei°  drilled  near  each 
end.  Dimensional  restrictions  specified  that  the  ad¬ 
herend  parts  interfacing  with  the  adhesive  were  parallel 
to  each  other  within  J  .001  inches  and  had  a  surface 
roughness  of  5  mils  or  more  as  shown  in  Figure  (4-41) . 
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FIGURE  (4-40)  TYPICAL  ADHESIVE  TENSILE  MODULUS  TEST 
SPECIMENS 


FIGURE  (4-42)  A  TYPICAL  POOR  BONDED  ADHESIVE 
TENSXLE  TEST  SPECIMEN 
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The  adhesive  thicknesses  selected  were  those  in 
use  on  the  fatigue  specimens  while  the  surface  dimensions 
of  the  butt  joint  were  those  of  the  two  lap  joint  config¬ 
urations/  namely  0.60"  x  1.0"  and  0.30"  x  1.0". 

Pertinent  dimensional  data  of  each  test  piece 
are  given  in  Table  (4-7).  A  dial  micrometer  was  used  to 
measure  the  cross-sectional  dimensions  while  a  Zeiss 
optical  microscope  was  used  to  measure  the  adhesive  thick¬ 
ness.  It  was  difficult  to  measure  the  adhesive  thickness 
as  the  adhesive  seemed  to  have  squeezed  out  of  the  joint, 
making  an  accurate  measurement  of  adhesive  thickness  in 
certain  instances  difficult.  Moreover,  several  specimens 
showed  a  different  adhesive  thickness  depending  on  the 
side  viewed  introducing  a  slight  eccentricity  in  the 
joint.  This  problem  was  further  emphasized  by  the  pre¬ 
mature  fracture  of  three  test  specimens  at  low  loads. 

All  three  displayed  uneven  bonding  thicknesses  and/or 
dry  spots  over  the  bonding  surface  (Figure  4-42).  Need¬ 
less  to  say,  dimensional  control  of  the  adhesive  thick¬ 
ness  must  be  improved  for  subsequent  series  of  tests. 

The  test  pieces  were  held  in  the  fixture  of  the 
Instron  Model  TT-DM  test  machine  using  0.25  inch  diam. 


Cohesive 

G02«  .S86  .672  .3937  47216  1450  8117  -  Cohesive 


Table  (4-7)  Continued 
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FIGURE  (4- 44)  BUTT  JOINT 

FIGURE  (4- 13) ADHESIVE  TENSILE  TEST  SET-UP 

TEST  PIECE  IN  PINNED  JOINT  FIXTURE 


FIGURE  (4-47)  ADHESIVE  FAILURE  SURFACE  OF  BUTT  JOINT 
SPECIMENS 
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hardened  steel  pins  as  shown  in  Figure  (4-43).  The  upper 
fixture  of  the  test  machine  was  a  universal  joint  assembly. 
This  allowed  alignment  of  the  specimen  between  fixtures 
without  inducing  unwanted  bending  stresses.  Next  the 
Tinius-Olsen  Model  Si  LVDT  modified  for  an  almost  zero 
gage  length  was  attached  to  the  specimen  such  that  the 
knife  edges  just  gapped  across  the  adhesive.  A  magni¬ 
fying  glass  was  used  to  check  this.  The  test  piece 
ready  for  loading  is  shown  in  Figure  (4-44).  The  re¬ 
cording  set-up  was  such  that  the  LVDT  signal  was  ampli¬ 
fied  by  a  demodulator  which  fed  the  si jnal  into  a  Moseley 
Model  7C01A  x-y  recorder.  The  load  signal  was  fed  direct¬ 
ly  into  the  recorder  from  the  Instron  where  load-deforma¬ 
tion  plots  were  drawn. 

The  test  procedure  to  determine  the  tensile  mod¬ 
ulus,  elastic  limit  and  proportional  limit  was  as  follows: 

1.  Calibrate  the  Instron  test  machine  and  x-y 
recorder. 

2.  Kun  a  proof  test  on  an  aluminum  specimen  to 
check  the  accuracy  of  the  system. 

3.  Place  the  butt  joint  specimen  firmly  in 
fixtures  and  attach  the  LVDT  so  that  the 
knife  edges  span  the  adhesive  joint. 
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4.  Select  the  load  and  deformation  scales. 

5.  Load  the  specimen  @  .05  cm/min  to  450  kilo¬ 
grams  recording  the  load-deformation  curve,  then  unload. 

The  specimen  gripping  procedure  for  the  ultimate 
tests  was  different  by  necessity  as  the  pins  could  not 
withstand  loads  in  excess  of  600  kilograms  without  bend¬ 
ing.  Therefore,  regular  grips  were  used  to  hold  the 
butt  joint  specimens  in  place.  The  specimen  was  aligned 
in  the  grips  vertically  using  a  level.  The  specimens 
were  then  pulled  to  ultimate  load. 

Before  discussing  the  test  results,  a  brief  sum¬ 
mary  of  possible  errors  or  deficiencies  in  the  test  pro¬ 
cedure  should  be  mentioned.  Initially,  the  uneven  ad¬ 
hesive  thickness  creates  two  problems.  It  leads  to  ec¬ 
centricity  in  the  joint  causing  possible  secondary 
bending  stresses  across  the  bond  surface.  Also  an.  un¬ 
even  adhesive  thickness  makes  it  difficult  for  one  to 
decide  on  a  true  gage  length  with  which  to  calculate  an 
initial  tensile  modulus.  The  error  introduced,  while 
thought  small,  is  impossible  to  evaluate  at  this  time. 
However,  a  readily  available  solution  is  better  adhesive 
thickness  control  which  will  be  accomplished  on  subse¬ 
quent  series  of  tests,  eliminating  this  problem. 
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A  possible  deficiency  in  this  first  series  of 

tests  was  that  the  measurement  of  deformation  was  ac- 

—  6 

curate  only  to  25  x  10  inches.  While  this  may  be 
accurate  enough  for  most  modulus  measurements  it  proved 
to  be  not  sensitive  enough  to  determine  elastic  or  pro¬ 
portional  limit  load  points.  As  one  is  aware,  minute 

—  8 

discontinuities  of  the  order  of  1.0  x  10  inches  from 
a  normal  displacement  reading  may  signal  the  elastic  and/ 
or  porportional  limit  load  of  a  material.  Moreover,  the 
periodic  noise  disturbances  from  the  surrounding  com¬ 
munity  often  introduced  small  jogs  in  the  load-displace¬ 
ment  curves.  These  compounded  the  problem  of  trying  to 
determine  elastic  and/or  proportional  limit  loads.  Over¬ 
all,  however,  it  is  believed  measurement  of  the  tensile 
moduli  and  load-deformation  data  to  ultimate  load  are 
quite  reliable. 

Typical  tensile  load  vs.  deformation  plots  from 
which  the  test  tensile  moduli  values  of  Table  (1)  were 
calculated  are  shown  in  Figures  (4-45)  and  (4-46).  The 
data  was  generated  at  room  temperature  and  37  per  cent 
relative  humidity.  The  noise  interference  spoken  of 
earlier,  is  evident  in  Figure  (4-46).  Using  these  plots 
one  can  calculate  the  test  tensile  modulus  per: 


DEFORMATION  INCHES 

FIGURE  (4-45)  ADHESIVE  TENSILE  MODULUS  LOAD-DEFORMATION 
DATA 
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FIGURE  (4-46)  ADHESIVE  TENSILE  MODULUS  LOAD- DEFORMATION 
DATA 


i  *  -  ^  - 


0=  ELASTIC  ^LIMIT  TEST 


40  80  120  160 

TENSILE  MODULUS  X  10 3  (PSI) 


FIGURE  (4-48)  ADHESIVE  TENSILE  TEST  MODULUS  VS.  ADHESIVE 
THICKNESS 
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E  =  Paxial  (2.204  g/ES)  (4.5) 

est  (Surf  .Area)  Displacement 

Adhesive  thickness 

It  is  these  values  that  are  recorded  in  Table  (4-7). 

The  range  of  test  tensile  moduli  was  from  1G600 
PSI  for  an  adhesive  thickness  of  1.2  mils  to  107,000  PSI 
for  a  11.1  mil  adhesive  thickness.  The  failures  were 
cohesive  in  nature  and  examples  are  shown  in  Figure  (4-47) 

As  previously  mentioned  the  variables  of  adhesive 
thickness  and  surface  area  were  to  be  studied.  Figure 
(4-48)  shows  the  effects  of  adhesive  thickness  on  E 

test 

A  linear  regression  analysis  was  performed  on  the  data 
as  was  a  mean  1 2a  standard  deviations  of  the  mean.  These 
results  are  also  shown.  Moreover,  the  high  correlation 
coefficient  leads  one  tc  believe  the  trend  that  the  test 
tensile  modulus  increases  as  the  adhesive  thickness 
increases.  The  two  elastic  limit  test  points  were  not 
included  in  the  regression  analysis.  As  mentioned 
earlier,  part  of  the  data  scatter  can  be  attributed  to 
bond  line  thickness  control  and  outside  noise  problems. 

Figure  (4-49)  is  a  plot  of  surface  area  vs,  test 
tensile  modulus.  The  test  data  is  scattered.  This 


TENSILE  MODULUS  X  10J  (PSI) 


FIGURE  (4-49)  ADHESIVE  TENSILE  TEST  MODULUS  VS. 
AREA 
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is  probably  the  result  of  the  difficulty  in  getting 
consistently  good  bonds.  Little  can  be  said  of  the 
results.  However,  a  trend  of  an  increase  of  tensile 
test  moduli  for  increased  surface  area  seems  possible 
for  the  above  mentioned  specimens.  Again,  the  bondline 
control  problem  prevented  better  correlation  between  sur¬ 
face  area  and  tensile  test  modulus  for  a  constant  adhesive 
thickness . 


Up  until  this  juncture  the  term  "tensile  test 
modulus"  has  been  used.  The  reason  for  this  is  that 
when  an  adhesive  deforms  in  a  joint,  under  a  tensile 
load,  the  adhesive  is  restrained  by  the  more  rigid  ad- 
herend  material,  deforming  according  to  t.ie  adherends1 
Poisson's  ratio.  Therefore,  the  simple 


Stress 

Strain 


(4.6) 


relation  will  not  give  the  correct  tensile  modulus.  In 
general  the  adherend  restraint  has  a  stiffening  effect  on 
the  adhesive  as  its  Poisson's  ratio  is  numerically  less 
than  the  adhesives. 


To  account  for  this  Poisson  effect  on  the  tensile 
modulus,  assuming  that  EA951  film  is  an  isotropic  material, 
one  can  employ  the  basic  equations  of  elasticity.  More- 


over,  if  one  assumes  continuity  of  displacements  at  the 
adher end- adhesive  interface  the  resulting  relations  for 
the  true  tensile  modulus  and  Poisson's  ratio  of  the  ad¬ 
hesive  can  be  written  as  (Reference  61) . 


—  2(1  +  j,  )  G_ 


(4.7) 


ADHESIVE  THICKNESS  (INCH) 
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to  11.1  mils  ,  the  true  tensile  modulus  increased  with 
adhesive  thickness.  (2)  The  true  tensile  modulus  decreased 
as  surface  area  increased,  for  a  constant  adhesive  thick¬ 
ness.  In  both  instances  however,  one  should  note  that 
there  is  a  coupling  cf  the  shear  test  results  with  the 
tension  test  results  per  equation  (4.8).  This  makes 
discerning  the  cause  for  a  particular  result  rather  dif¬ 
ficult. 


Basically,  two  trends  have  been  observed.  Are 
these  supported  by  other  works?  Are  these  trends  be¬ 
lievable?  Is  the  magnitude  of  the  tensile  modulus  and 
Poisson's  ratio  believable?  These  are  all  proper  ques¬ 
tions  to  ask.  Therefore,  after  an  extensive  literature 
search  several  comments  can  be  made. 

In  no  instance  did  the  author  find  that  such 
tests  had  been  performed  previously  with  composite  mat¬ 
erial  adherends.  However,  similar  butt  joint  tests  of 
adhesives  using  thin  steel  and  aluminum  cylinders  has 
been  performed  by  Hughes  and  Rutherford  (Reference  59) 
and  by  Kuenzi  and  Stevens  (Reference  61) . 

Rutherford  found  for  epoxies,  Epon  9601  and 
Epon  828/V40  that  the  true  tensile  modulus  increased  as 
the  thickness  decreased  for  thicknesses  of  0  to  40  mils. 
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Moreover,  he  found  that  the  tensile  modulus  v/as  generally 
lower  for  the  softer  aluminum  adherenas  vs.  stainless 
steel  adherends.  Contrary  to  this  Kuenzi  and  Stevens 
tested  a  wide  range  of  adhesives  and  for  Epon  4 22 J  tape 
where  the  adhesive  thickness  varied  appreciably  from  8 
to  50  mils  the  tension  modulus  increased  with  increasing 
adhesive  thickness.  None  of  the  adhesives  mentioned  are 
similar  in  chemical  makeup  to  EA951  which  is  a  nylon 
epoxy.  However,  the  conflicting  results  of  these  two 
independent  investigations  suggest  that  the  trends  ob¬ 
served  may  be  a  function  of  chemical  makeup  of  the  ad¬ 
hesive  and/or  the  chemical  interaction  between  adherend 
and  adhesive  during  cure  as  mentioned  by  Cuthrell  in 
Reference  (60) . 

One  of  the  adhesives  tested  by  Kuenzi  and  Stevens, 
metalbond  MN3C,  is  a  nylon  tape  which  seemed  quite  duc¬ 
tile.  Therefore,  a  general  comparison  of  its  moduli 
and  strengths  with  EA951  film  was  thought  plausible.  The 
results  are  presented  in  Table  (4-9) .  Examination  of  the 
results  shows  that  the  shear  and  tensile  moduli  are  of 
the  same  magnitude.  However,  the  ultimate  shear  and 
tensile  strengths  of  EA951  film  are  far  superior. 

Finally,  no  information  could  be  found  relating 


TABLE  (4-9) 


1 

I 

J 
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FIGURE  (4-52)  EA951  ADHESIVE  TENSILE  LOAD-DEFORMATION 
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the  tensile  modulus  to  the  bonded  surface  area.  More¬ 
over  ,  no  plausible  reason  for  the  surface  area  effect 
is  available  at  this  time. 

Typical  load-deformation  curves  were  determined 
for  several  of  the  specimens.  Figures  (4-51)  and  (4-52) 
show  that  they  are  essentially  linear  to  failure,  becoming 
non-linear  just  before  ultimate  load  is  reached.  Exactly 
where  the  elastic  limit  is  cannot  be  said  as  two  attempts 
to  determine  this  value  proved  inconclusive. 

Ultimate  stress  and  strain  values  were  also  de¬ 
termined  and  are  given  in  Table  (4-7) .  Readily  discernable 
in  Table  (4-7)  is  the  fact  that  EA951  film  is  significantly 
less  ductile  in  tension  than  in  shear  where  its  ultimate 
strain  was  several  hundred  per  cent.  Moreover,  the  ul¬ 
timate  strain  tends  to  increase  with  decreasing  thickness. 

The  ultimate  tensile  strength  of  this  adhesive  is 
quite  high.  While  the  data  in  Table  (4-7) shows  significant 
scatter,  EA951  film  has  an  average  ultimate  tensile  strength 
of  8500  PSI.  This  is  an  extremely  desirable  characteristic 
for  an  adhesive  to  possess  especially  in  a  lap  joint  con¬ 
figuration.  Moreover,  the  scatter  is  felt  to  be  somewhat 
a  function  of  the  adhesive  thickness  control  problem  and 
will  be  improved  upon  in  future  tests. 
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Attempts  were  made  to  discern  the  proportional 
limit  load  of  the  adhesive  in  tension.  Due  to  problems 
mentioned  earlier  results  proved  inconclusive.  However, 
it  does  seem  that  the  proportional  limit  load  is  some¬ 
where  above  80  per  cent  of  ultimate  load.  In  the  next 
series  of  tests  we  will  attempt  to  clarify  this  item. 

Conclusions : 

1.  The  test  is  a  legitimate  means  of  determining 
the  true  Poisson's  ratio  and  tensile  modulus 
of  the  adhesive.  Moreover,  the  adherends, 
being  loaded  only  to  small  levels  cf  their 
capacity  can  be  reused  as  test  pieces  saving 
considerable  time  and  money. 

2.  The  problems  of  thickness  control  and  extran¬ 
eous  noise  and  measurement  sensitivity  tended 
to  introduce  small  errors  into  the  results , 
especially  in  determining  an  accurate  elastic 
and  proportional  limit  value, 

3.  The  true  tensile  modulus  increased  with  in¬ 
creasing  adhesive  thickness  for  a  constant 
surface  area. 

4.  The  true  tensile  modulus  decreased  with  in¬ 
creasing  surface  area  for  a  constant  adhesive 
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thickness. 

5.  EA951  film  is  significantly  less  ductile  in 
tension  vs.  a  shear  application,  yet  still 
ductile  by  normal  standards. 

6.  The  ultimate  strain  in  tension  increased  with 
decreasing  adhesive  thicknejss  for  constant 
surface  area. 

7.  Previous  tests  of  this  nature  are  few  and  pre¬ 
sent  conflicting  results  which  may  be  related 
to  the  chemical  make-up  of  the  adhesive,  the 
adherends  used  and  the  interaction  during 
curing  of  the  adhesive  at  the  adhesive-adher- 
end  interface. 

8.  Studies  of  these  failed  surfaces  using  a 
scanning  electron  microscope  may  provide 
insight  into  the  failures  of  adhesives  in 

lap  joints  under  ultimate  and  fatigue  loadings. 

Recommended  Research 

1.  Further  studies  of  the  influence  of  adhesive 
thickness,  surface  area  and  surface  shape 
over  a  wider  range  of  variance,  on  the 
tensile  properties  of  EA951  film  should  be  made 
under  more  uniform  thickness  control  speci¬ 
fications  . 
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2.  A  study  should  be  conducted  to  relate  the 
effects  of  strain  rate,  type  of  adherend 
material,  pre-strain,  time  between  loadings 
and  fatigue  loading  on  the  tensile  properties 
of  EA951  film. 

3.  A  study  should  be  conducted  to  discern  if 
the  chemical  make-up  of  various  adhesives 
and/or  their  interaction  with  the  adherend 

at  their  interface  during  cure  is  responsible 
for  the  completely  opposite  trends  observed 
by  independent  researchers  concerning  their 
shear  and  tensile  properties. 

4.  A  determination  of  the  bulk. properties  of 
EA951  film  should  be  made. 

Summary 

Shear  and  tensile  test  results  of  EA951  film  have 
been  conducted.  The  overall  results  are  believed  to  be 
reliable  as  are  the  trends  they  unveiled.  In  addition, 
EA951  film  appears  to  possess,  to  a  greater  degree  than 
other  more  commonly  used  adhesives,  the  qualities  most 
desirable  in  sustaining  the  integrity  of  a  structural 
item  more  in  line  with  the  life  expectancy  of  the  item 
itself.  The  qualities  are: 
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1.  Low  moduli  in  tension  and  shear  precipitating 
a  more  forgiving  ductile  behavior  and  the 
ability  to  reduce  peak  stress  levels  at  stress 
concentrations . 

2.  An  adequate  ultimate  shear  strength  coupled 
with  a  superior  ultimate  tensile  strength. 

It  is  strongly  recommended  that  this  adhesive 
system  be  considered  for  all  high  strength  bonding  app¬ 
lications  where  ductility  and/or  tensile  stresses  over 
and  above  a  no.nnal  shear  application  are  a  problem. 

Finally  the  true  test  of  these  results  is  their 
usefullness  in  accurately  predicting  the  ultimate  and 
fatigue  failures  of  the  single  lap  joints.  This  will  now 
be  attempted. 


CHAPTER  V 


A,  ULTIMATE  LOAD  TESTS 

An  ultimate  load  test  program  was  conducted 
encompassing  certain  parametric  variations  in  an  effort 
to  reveal  ways  to  improve  the  ultimate  load  capacity  of 
single  lap  bonded  joints.  The  parameters  studied  were 

(1)  overlap  length-thickness  of  adherends  was  a  constant, 

(2)  adhesive  thickness,  (3)  orientation  of  the  lamina 
adjacent  to  the  adhesive  layer.  These  parameters  were 
chosen  for  this  study  as  various  reference  articles  have 
shown  them  to  have  a  definite  effect  on  the  strength  of 
the  joint.  Moreover,  the  range  of  variables  selected 
were  chosen  to  ensure  that  failure  will  occur  in  the  ad¬ 
hesive  rather  than  in  one  of  the  adherends. 

The  specimens  Figure  (5-1) ,were  composed  of  1002-S 
glass  pre-preg.  tape  adherends,  seven  plys  thick  and  one 
inch  wide.  The  overall  specimen  length  was  approximately 
nine  inches  in  length.  The  adhesive  selected  was  Hysol 
EA951  film.  It  was  selected  for  its  low  moduli,  ductile 
nature  and  relatively  high  ultimate  strength  in  shear  and 
tension.  This  selection  is  verified  by  the  shear  and 
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FIGURE  (5-1)  TYPICAL  BONDED  LAP  JOINT  ULTIMATE 
AND  FATIGUE  TEST  SPECIMEN 


tensile  test  results  of  sections  C  and  D  of  Chapter  IV. 

The  extremely  lov;  moduli  tend  to  reduce  the  peak  values 
of  the  shear  stresses  in  the  joint  near  the  ends  and 
should  result  in  a  higher  ultimate  load  capacity  for 
the  joint. 

The  adherends  were  of  identical  size  so  that  a 
balanced  extensional  stiffness  (Efc)  would  exist.  Reference 
(22)  has  shown  that  such  a  configuration  maximizes  joint 
strength  by  balancing  the  peak  stresses  at  each  end  of 
the  overlap.  The  maximum  laminate  allowable  load  was 
15,000  pounds  based  on  the  ultimate  strength  of  1002-S 
glass  in  its  primary  direction  being  230,000  PSI  per 
section  B  of  Chapter  IV.  The  adherend  cross  sectional 
area  is  0.065  square  inches.  However,  non-uniform  bending 
stresses  and  the  stress  concentrations  along  the  joint 
length  would  be  expected  to  cause  a  premature  failure  of 
the  adherend  if  it  were  highly  loaded.  For  these  tests 
the  average  adherend  stress  was  46,000  PSI  or  less. 

The  ultimate  test  pieces  were  fabricated  at  feoeing- 
Vertol,  being  picked  at  random  from  the  same  lot  as  the 
fatigue  test  specimens . 

The  adherends  were  fabricated  in  24inch  x  48  inch 
panels.  They  were  then  bonded  using  Hysol  EA951  film  per 
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the  manufacturer's  recommended  specification.  After  this 
cure  cycle,  one  inch  wide  specimens  were  cut  out  for 
these  static  tests. 

The  lap  lengths  fabricated  were  0.30  and  0.60 
inches.  The  nominal  adhesive  thicknesses  were  2.5  and  10 
mil  while  the  ply  orientation  in  the  adherends  was  either 
an  all  0°  orientation  or  a  45o/0°/-45o/0°  orientation. 

The  all  0°  adherend  static  tests  were  inadvertent¬ 
ly  conducted  at  Boeing-Vertol  on  an  Instron  Model  TT-D 
test  machine  at  a  loading  rate  of  .05  inches/minute.  The 
45°/0o/-45o/0°  specimens  were  tested  at  the  University  of 
Delaware  on  an  Instron  Model  TT-DM  test  machine  at  a  load¬ 
ing  rate  of  .05  centimeters/minute.  The  specimens  were 
gripped  using  the  standard  serrated  grips  without  doublers 
on  the  ends  of  the  specimens.  The  specimen  in  the  Instron 
machine  jaws  ready  to  be  tested  is  shown  in  Figure  (5-2) . 
The  bending  of  the  joint  under  load  is  evident  in  Figure 
(5-3)  . 

o 

The  all  0  adherend  specimens  failed  in  a  combi¬ 
nation  adhesion-cohesion  manner.  Figure  (5-4)  and  (5-5) 
show  typical  failed  surfaces.  The  angle  ply  adherend 
specimens  also  failed  in  an  adhesive  or  cohesive  manner 
Figure  (5-6)  except  for  the  0.60  inch  overlap  specimens 
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FIGURE  (5-6)  TYPICAL  ANGLE  PLY  ADHEREND  ULTIMATE  ADHESIVE 
FAILURE 


FIGURE  (5-7)  TYPICAL  ULTIMATE  FAILURE  IN  THE  PLY  ADJACENT 
TO  THE  ADHESIVE 
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with  a  2  mil  adhesive  thickness.  This  group  Figure  (5-7) 
appeared  to  be  approximately  fifty  per  cent  stronger  than 
its  counterparts,  failing  primarily  in  the  resin  of  the 
45°  ply  adjacent  to  the  adhesive.  Since  these  test  pieces 
didn't  fail  in  the  adhesive,  their  ultimate  shear  strength 
must  have  exceeded  5200  PSI  (See  Table  5-1) .  Since  the 
adhesive  thickness  shows  a  negligible  effect  on  the  ul¬ 
timate  strength  of  the  joint,  it  is  hypothesized  that 
this  group  of  test  pieces  were  run  at  a  strain  rate 
greater  than  0.05  centimeters/minute  by  mistake,  as  an 
increase  in  strain  rate  increases  the  ultimate  shear 
strength  of  EA951  adhesive  (Reference  22) .  This  strain 
rate  is  unknown. 

The  length  of  overlap  to  thickness  of  adherend 
ratio  was  from  4.3  to  8.7  for  all  specimens.  Based  on 
the  literature  an  adhesive  failure  was  expected. 

The  results  of  all  tests  are  summarized  in 
Table  (5-1) .  The  results  within  each  subgroup  are  closely 
spaced  displaying  excellent  consistency. 

Note  is  made  of  the  fact  that  the  average  ulti¬ 
mate  shear  stresses  are  significantly  higher  than  the 
results  of  the  shear  test  section  would  indicate  (average 
ultimate  shear  stress  =  4300  PSI)  for  all  the  0°  adherend 
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specimens  *  It  is  felt  this  reflects  a  dependence  of  the 
ultimate  shear  strength  on  strain  rate.  This  is  sub¬ 
stantiated  by  Reference  22  which  found  the  ultimate 
shear  strength  of  Hysol  EA951  adhesive  to  increase  with 
the  strain  rate.  The  average  ultimate  shear  stress  was 
6100  PSI  for  a  strain  rate  of  .05  inches/minute.  The 
shear  test  results  of  Section  C  of  Chapter  IV  were 
run  at  .05  centimeters/minute  while  the  all  0°  ultimate 
lap  specimens  were  run  at  .05  inches/minute.  This  is 
a  difference  in  loading  rate  of  2.54. 

Based  on  the  results  summarized  in  Table  (5-1) 
the  influence  of  adhesive  thickness,  overlap  length 
(L/t  ratio)  and  of  ply  orientation  on  the  ultimate  load 
capacity  of  the  joint  can  be  discerned.  The  effect  of 
strain  rate  can  only  be  surmised  as  various  strain  rates 
for  a  similar  specimen  configuration  were  not  tested. 

The  effect  of  joint  strength  vs.  overlap  length 
is  presented  in  Figure  (5-8) .  In  general  the  joint 
strength  increased  with  the  length  of  overlap  (L/t  ratio) 
up  to  the  upper  overlap  length  tested  of  0.60  inches. 

It  is  felt  that  for  larger  overlaps  this  trend  would 
continue,  possibly  at  a  reduced  rate,  until  the  adherends 
began  to  fail.  The  influence  of  ply  orientation  within 
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FIGURE  (5-8)  BONDED  JOINT  STRENGTH  VS.  OVERLAP  LENGTH 
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the  adherend  and/or  the  orientation  of  the  plv  adjacent 

to  the  adhesive  is  not  readily  discernable.  Its  effect 

on  joint  strength  is  felt  to  be  minor  over  the  range  of 

overlap  lengths  tested.  The  discrepancy  observed  must 

be  attributed  to  the  difference  in  strain  rates  at  which 

the  all  0°  and  45°/0°/-45°/0C  adherends  were  run.  As 

previously  mentioned  this  would  give  much  higher  ultimate 

joint  loads.  The  effect  of  adhesive  thickness  was  not  dis¬ 
cernable. 

Summarizing , the  strongest  joint  is  one  of  large 
overlap  with  all  0°  adherends  and  of  equal  extensional 
stiffness,  loaded  at  an  as  yet  undetermined  optimum 
strain  rate.  Such  a  configuration  is  similar  to  one 
with  isotropic  adherends.  Moreover,  the  weakest  joint 
is  one  of  short  overlap  with  adherends  of  other  than  an 
all  0°  ply  orientation,  loaded  at  a  lower  strain  rate. 

To  discover  why  and  if  the  results  observed,  ex¬ 
cluding  strain  rate  effects,  are  realistic,  one  must 
return  to  the  parametric  and  shear  test  results  discussed 
previously.  Upon  inspection  of  these  sections  the 
ultimate  joint  strength  results  are  readily  believable. 

The  parametric  study , Figures  (3-9  )  to  ( 3— 12 ) 

of  Chapter  III  showed  us  several  things. 
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1.  To  a  minor  degree  the  influence  of  the 
45°/0o/-45o/0°  ply  orientation  pattern  was 
to  increase  the  peak  shear  and  normal 
stresses  vs.  an  all  0°  adherend  pattern. 

This  as  is  evidenced  in  Figure  (5-8)  would 
cause  the  ultimate  shear  stress  to  be  reached 
at  a  lower  load,  yielding  reduced  joint  strength. 

2.  The  length  of  overlap  has  a  much  more  severe 
effect  on  the  peak  shear  and  tensile  stresses 
as  evidenced  in  the  parametric  study.  Figures 
(3-11)  and  (3-12) .  The  longer  lap  length 
significantly  reduced  the  peak  stresses  thus 
leading  one  to  expect  an  increase  in  joint 
capacity  as  long  as  the  adhesive  stress  is 
the  critical  failure  item. 

In  addition,  the  shear  test  results  of  Chapter  IV,  Figures 
(4-31)  and  (4-50)  state  that  the  effective  shear  and  tensile 
moduli  are  reduced  with  increasing  overlap  length,  de¬ 
creasing  the  peak  stresses  and  increasing  the  joint  strength 
even  more.  To  discern  how  much  of  an  effect  these  vari¬ 
ables  had  on  the  results  (i.e.  the  influence  of  the  ef¬ 
fective  moduli  vs.  the  overlap  length  itself)  is  not  dis- 
cernable  at  this  time.  However,  the  length  of  overlap  is 
thought  to  be  most  significant. 
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Figure  (5-9)  displays  the  influence  of  adhesive 
thickness  on  joint  strength.  No  obvious  trends  are 
evident  over  the  rather  narrow  range  of  adhesive  thick¬ 
nesses  covered.  However,  the  shear  test  results  of 
Chapter  IV,  Figures  (4-29)  and (4-30)  would  lead  one  to 
believe  that  the  effective  moduli  should  experience  an 
increase  in  stiffness ,  thus  raising  the  peak  stress  as 
the  adhesive  thickness  increases.  A  lack  cf  significant 
adhesive  thickness  variation  as  evidenced  in  Table  (5-1) 
meant  at  most  a  small  change  in  the  effective  moduli 
and  in  turn  the  peak  stresses  for  the  specimens  tested. 
Thus,  to  discern  a  thickness  effect  or  lack  of  it,  a 
wider  range  of  adhesive  thicknesses  should  be  studied. 
Moreover,  since  the  shear  load  vs.  deformation  curve 
of  Chapter  IV,  Figure  (4-39)  is  essentially  that  of 
an  elastic  -  perfectly  plastic  body,  one  wonders  if  the 
influence  of  the  initial  value  of  effective  shear  modu¬ 
lus  would  influence  the  ultimate  strength  of  the 
joint.  Again,  a  properly  designed  series  of  tests  would 
answer  this  question. 

Overall,  it  has  been  shown  that  excellent  cor¬ 
relation  between  the  analysis  predictions  of  Bond3 
(parametric  study)  vs.  the  ultimate  strength  of  the 
single  lap  joint  are  possible.  While  Bond3  is  an 
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elastic  analysis,  its  capability  to  predict  the  effects 
of  peak  shear  and  tensile  stresses  accurately  has  been 
shown  to  be  extremely  useful  in  predicting  ways  to  in¬ 
crease  the  capacity  of  a  single  lap  joint. 


Based  on  the  results  presented  thus  far,  it  was 
deemed  desirable  to  attempt  to  provide  one  with  an  ul¬ 
timate  failure  design  criteria.  Fundamentally,  there  are 
two  distinct  modes  of  failure  in  a  single  lap  joint: 
an  adhesive  failure  or  an  adherend  failure.  Mathemati¬ 
cally,  these  modes  of  failure  can  be  stated  as  follows  (22) 
For  an  ultimate  adhesive  failure  to  occur. 

£  Ftu  ^  Pult  FSU  (5-1) 

L  _ 


For  an  adherend  failure  to  occur 


£  Ftu  —  Pult  —  Fsu 

Ij 


(5-2) 


.  where: 

P  =  ultimate  applied  axial  load  (Ibs/in) 

W  =  width  (1.0  inches  in  all  cases) 

L  =  the  overlap  length  of  the  joint  (inches) 
t  =  thickness  of  the  weaker  adherend  (inches) 
F-u  =  ultimate  tensile  strength  of  the  weaker 
adherend  (PSI) 
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Fgu  =  ultimate  shear  strength  of  the  adhesive 
(PSI) . 

Since  lap  joints  in  which  adherends  were  the 
initial  failure  component  were  not  considered  in  this 
work,  only  a  correlation  between  predicting  ultimate 
loads  vs.  test  results  will  be  attempted.  One  can 
define  the  average  shear  stress  in  the  adhesive  at 
failure  as 

Tavg .  =  2  Fsu  =  Pult  {5_3j 

L 


thus , 


Tavg. 


(5-4) 


Based  on  the  test  results  in  Table  (5-1) ,  one  can 
get  an  average  failure  stress.  Moreover,  based  on  the 
shear  test  results  of  Chapter  IV  Section  C,  one  found 
that  Fsu  for  a  strain  rate  of  0.05  centimeters/minute 
was  4300  PSI.  However,  since  all  the  0°  adherend  speci¬ 
mens  were  run  at  a  strain  rate  of  0.05  inches/minute, 
and  since  it  has  been  shown  in  Reference  22  that  Hysol 
EA951  adhesive  is  strain  rate  sensitive,  the  ultimate 
shear  allowable  determined  in  this  reference  for  a  0.05 


inches  per  minute?  strain  rate 
6100  PSI. 


use.;. 


*i‘ni  •  value  was 


Figure  (5-10)  is  a  plot  of  S  v".  overlap  length. 
It  shows  only  a  marginal  difference  between  the  two 
adherend  systems  studied,  further  emphasizing  that  strain 
rate  was  mainly  responsible  for  the  discrepancy  in  Fig¬ 
ure  (5-8) .  Employing  Figure  (5-10)  and  the  basic  design 
equation 


P  ,,  =  8  F  L 
ult  su 


(5-5) 


one  is  able  to  predict  the  ultimate  failure  load  of  a 
single  lap  joint.  Table  (5-2)  summarizes  the  values 
of  predicted  load,  actual  test  load  and  the  per  cent 
error  based  on  the  design  load  vs.  the  test  results.  In 
general  the  error  between  test  vs.  predicted  load  is 
within  10  per  cent.  This  is  seen  to  be  excellent  corre¬ 
lation.  Figure  (5-11)  is  also  presented  showing  the 
excellent  correlation  between  test  and  theory. 


In  summary,  therefore,  it  i.s  concluded  that  the 
above  approach  is  very  feasible  for  predicting  the  ul¬ 
timate  strength  of  a  single  lap  joint,  l£  the  design  is 
adhesive  critical.  However,  the  strain  rate  and  its 
ultimate  shear  strength  must  be  known. 
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Conclusions : 

Based  on  a  review  of  the  enclosed  ultimate 
test  data,  the  following  conclusions  can  be  ascertained. 

A.  For  the  range  of  geometries  tested,  the 
ultimate  joint  strength  increases  with  an 
increase  in  overlap  length. 

B.  The  strain  rate  at  which  the  specimens  were 
tested  is  extremely  important,  Hysol  EA951 
adhesive  being  quite  strain  rate  sensitive. 
Increasing  the  strain  rate  increases  the 
ultimate  shear  strength  of  the  adhesive. 

This  can  alter  the  type  of  joint  failure 
expected  and/or  increase  the  ultimate 
strength  of  the  joint. 

C.  Ply  orientation  overall,  or  of  the  ply 
adjacent  to  the  adhesive,  had  a  minor  effect 
on  joint  strength  for  the  range  of  variables 
tested. 

D.  The  Bond 3  parametric  study  of  Chapter  III 
proved  extremely  useful  in  explaining  the 
ultimate  strength  trends  observed. 

E.  The  influence  oC  adheu  i.<’o  thickness  over 
the  range  of  valu  s  tested  had  a  minimal 
influence  on  jcirt  st  ngth ,  for  the  range 


of  vuri.i'j 


F.  A  feasibi.  u '•  t i re. t- -  .o  •  .  t.  ccedure  f. or 

adhesive  critic.' f  ••  •  ,  u»c>  ■’•povating 

strain  rate  •-'ti.ee  ,  j u •.  forth. 

Proposed  Researe.i . 

1.  A  test  program  to  discern  the-  influence  of 
strain  rate  on  the  ultimate  shear  strength 
of  Hysol  FA951  adhesive  material  and  its 
effect  on  ultimata  joint  strength  and  mode 
of  failure  should  be  performed. 

2.  A  test  program  involving  longer  overlap 
lengths  to  complete  the  enclosed  ultimate 
strength  vs.  overlap  length  plots  should 
be  perf orrned . 

3.  An  adherend  critical  design  criteria  should 
be  advanced  and  substantiated  by  tests. 


B.  FATIGUE  TEST  RESULTS  OF  BONDED  SINGLE  LAP 


JOINTS 

The  objective  of  this  sectior  was  four  fold: 

(1)  to  study  the  influence  of  certain  geometric  variations 
of  the  lap  joint  configuration  on  the  fatigue  life  of  the 
joint;  (2)  to  discern  the  relative  importance  of  the 
shear  proportional  limit  stress  on  the  fatigue  behavior 
of  the  single  lap  joint;  (3)  to  establish  if  possible  a 
certain  design  procedure  for  a  single  lap  joint  in  fatigue 
and  (4)  to  introduce  specific  introductory  comments  on 
the  type  of  adhesive  failure  surfaces  observed.  A  more 
detailed  study  of  these  surfaces  will  hopefully  be  con¬ 
ducted  during  the  next  year. 

As  reported  in  the  previous  section,  the  lap  joint 
fatigue  specimens  were  fabricated  together  with  the  ultimate 
strength  lap  joint  test  pieces.  Thus  their  fabrication  and 
curing  factors  ar^  identical.  The  adbo rends  are  1002-S 
pre-preg  tape;  selected  because  if  its  superior  fatigue 
characteristics  vs.  L-gluss  (  >/  n  e  uiherends  were 
nominally  .  063  inches  thick  by  L.U  'n  ' i*  wxdi*.  The  overall 
physical  dimensions  were  the  sura*'  r.s  those  of  the  ultimate 
strength  lap  specimens.  Ag-on,  fin.  *« Ifi •  . ivo  selected  was 
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EA.951.  The  fundamental  rectoor*  _or  tni.;  is  .its  good  shear 
and  tensile  ultimate  strength  properties  plus  its  e>tremely 
low  stiffness  characteristic '  in  tension  and  shear  as 
evidenced  by  the  shear  and  tension  test  results  in  Chapter 
IV.  It  is  the  soft,  ductile  nature  of  the  nylon-epoxy 
adhesive  which  reduces  peak  stresses  in  the  adhesive  at  the 
discontinuous  ends  of  the  joint.  In  turn,  this  more  uni¬ 
form  transfer  of  the  load  results  hypothetically  in  an 
improved  fatigue  life  of  the  joint  as  long  as  the  adhesive 
is  the  critical  failure  component. 

The  joint  tested  was  an  equal  adherend  configura¬ 
tion.  Figure  (5-12)  defines  its  general  shape  and  the 
various  nomenclature  used  in  defining  pertinent  geometri¬ 
cal  quantities,  A  typical  part  ready  to  be  fatigue  tested 
is  shown  in  Figure  (5-13).  The  test  setup  and  fixtures 
used  in  this  program  made  use  of  a  closed-loop  servo- 
controlled  hydraulic  system  with  a  peak  capacity  of  6000 
pounds.  The  hydraulic  system  consisted  of  an  actuator, 
servo-valve,  pump,  dump  valve  and  associated  industrial 
hydraulic  and  electronic  control  equipment.  An  instrumented 
and  calibrated  load  link  is  mounted  in  series  with  the 
specimen  and  the  friction  grip  assembly,  and  serves  as 
the  load  monitoring  device  for  each  specimen.  Electronic 
microswitches  deactivate  the  system  when  failure  occurs. 
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Output  from  the  instrumented  load  link  is  ampli¬ 
fied  with  an  Ellis  model  BA-13  bridge  amplifier  with  an 
oscilloscope  display-  The  test  frequency  for  this  testing 
was  set  at  900  c.p.m.  with  a  Hewlett-Packard  oscillator. 

The  upper  limit  on  the  test  frequency  was  set  at  900  c.p.m. 
to  alleviate  any  secondary  thermal  effects  which  tend  to 
degrade  the  fiberglass  system  above  this  frequency.  Fig¬ 
ure  (5-14)  displays  the  fatigue  test  set  up  with  a  single 
lap  specimen  in  the  grips.  The  fatigue  loading  used  was 

of  a  constant  amplitude  type.  The  specimens  were  loaded 

_  MINIMUM  LOAD 


at  a  stress  ratio 


of 


.10.  The  load  was 


MAXIMUM  LOAD 

applied  as  a  mean  load  (i.e.  constant  amplitude  load)+ 
an  alternating  load  (i.  e,  a  variable  amplitude  load). 


A  second  series  of  tests  is  presently  proceeding. 

It  involves  a  multi-step  loading  pattern  to  determine  the 
influence  of  simple  variable  amplitude  loadings  on  the 
fatigue  life  of  the  joints.  In  addition  a  number  of  single¬ 
lap  joint  specimens  with  Dupont  fiber  PRD-49  type  II 
adherends  will  be  tested  in  an  attempt  to  compare  the 
fiberglass  static  ana  fatigue  test  results  to  another 
material  system.  It  is  hoped  a  definite  correlation 
between  results  will  be  evident. 


The  data  presented  in  this  Section  results  from 


57  lap  joint  fatigue  tests.  Twenty-nine  had  all  zero  degree 
uni-ply  orientation  while  the  twenty-eight  angle  ply  specimens 
had  a  45o/0°/-45o/0°  ply  orientation  pattern.  This  was  one 
of  the  parametric  variables  studied.  In  addition  two  different 
overlap  lenghts  of  0.30  and  0.60  inches,  and  two  adhesive 
thickness  variations  of  2.5  and  10  mils  were  studied.  The 
overlap  lengths  were  restricted  to  below  a  ratio  of  overlap 
length  to  a  adherend  thickness  of  12  to  precipitate  an 
adhesive  failure. 


C.  ALL  0°  ADHEREND  FATIGUE  TEST  RESULTS 

The  overall  results  of  the  all  zero  degree  ply 
adherends  for  the  thickness  and  overlap  variations  are 
summarized  in  tables  (5-3)  and  (5-4) .  The  overlap  lengths 
tested  were  .30,  .36  and  .62  inches.  The  adhesive  thick¬ 
ness  again  was  a  problem  in  that  the  nominal  2.5  and  10 
mil  film  thickness,  after  being  cured  per  the  manufac¬ 
turers  recommended  procedure,  exhibited  a  significant 
amount  of  oozing  from  the  joint.  As  a  result,  the  adhe¬ 
sive  thicknesses  were  between  1  and  3  mils  with  the  bulk 
of  the  thicknesses  being  approximately  2  mils.  Therefore, 
any  effort  to  discern  a  correlation  between  adhesive 
thickness  and  fatigue  life  was  not  possible. 

Pertinent  adherend  dimensions  are  recorded  in  the 
tables  as  are  the  range  of  temperature  and  relative  hu¬ 
midity  the  test  pieces  were  exposed  to  during  their  time 
of  test.  The  temperature  is  seen  to  be  quite  uniform 
while  the  relative  humidity  did  fluctuate  somewhat. 

As  stated  earlier,  one  of  the  primary  objectives 
of  this  test  program  was  to  determine  the  influence  of  the 
shear  proportional  limit  stress  of  the  adhesive  on  the 
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fatigue  life  of  the  joint.  To  accomplish  this,  coincident 
with  the  development  of  the  Bond3  stress  analysis  program 
and  the  determination  of  the  proportional  limit  stress 
in  the  shear  test  program  of  Chapter  IV,  a  trial  and  error 
procedure  was  adopted  to  determine  at  what  load  level  no 
visible  damage  to  the  specimen  had  occur ~ed.  Then,  using 
the  results  from  the  proportional  limit  shear  tests ,in  con¬ 
junction  with  the  Bond3  analysis  program,  one  could  observe 
if  any  correlation  exists  between  the  shear  proportional 
limit  stress  and  a  lack  of  damage  to  a  specimen  loaded  in 
fatigue  for  a  specified  number  of  cycles. 

It  was  arbitrarily  decided  that  fatigue  runout  for 
these  tests  (i.e.  the  number  of  cycles  at  which  you  stop 
the  test)  would  be  defined  as  4.0  x  10^  cycles.  Based  on 
this  criteria,  fatigue  runout  was  achieved  at  a  mean  load 
of  247  lbs.  for  the  .30  incn  overlap  specimens,  at  275  lbs., 
for  the  .36  inch  overlap  specimens  and  at  330  lbs.  for  the 
.62  inch  overlap  specimens. 

The  Bond3  analysis  was  then  conducted  using  the 
proportional  limit  values  determined  in  the  shear  t'-'sts 
of  Chapter  (IV)  and  the  mean  loads  at  which  runout  was 
achieved.  Table  (5- 5)  tabulates  these  results.  The 
correlation  seems  quite  good.  In  essence  it  states  that 


TABLE  (5-5)  COMPARISON  OF  THE  THEORETICAL  MAXIMUM  SHEAR  STRESS 
AT  RUNOUT  VS ♦  SHEAR  PROPORTIONAL  LIMIT  STRESS 


* 

*  ^ 

< 

oo  — 

cn  05  co 
w  s  p:  cu 
x  &  <  — 

<  tH  P  Eh 
S  CO  £  < 


o 

co 

c\ 


rH 

O 

rH 


rH 

ro 

r- 


H 

CO 


co 

co 

*  •  « 

^  K 

W  O  CO  H 

rc  pu  co 
CO  O  £■*  PU 
«  H  H 
X  PU  S 

g  H  i 

S  H=i  ! 


in 

O 

o 

o 

rH 

cn 

c\ 

G\ 

O 

H 

o\ 

in 

m 

• 

m 

in 

cn 

cn 

U  • 

CN 

CN 

rq  o 

o 

o 

O 

o 

Pc  PS 

CO 

co 

VO 

VO 

CO 

VO 

VO 

VO 

VO 

o 

o 

o 

o 

* 

* 


O 

M 

P4 

■K 


Shear  Test  Results  in  Chapter  IV,  Table  (4~(5) 
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Based  on  ultimate  test  results  ADHEREND  -  1002-S  PRE-PREG  TAPE 

of  Section  A.  ADHESIVE  -  EA951  FILM 

PLY  ORIENTATION  All  0° 


if  the  peak  shear  stress  in  the  adhesive  at  mean  load  is 

kept  below  the  shear  proportional  limit  stress  of  the 

adhesive,  a  marked  increase  in  fatigue  life  of  the  joint 

can  be  achieved,  assuming  an  adhesive  failure  is  the 

critical  mode.  In  this  series  of  tests,  in  which  100  lb. 

load  increments  were  used,  an  increase  in  life  of  the 

joint  of  5  times  or  more  could  reasonably  be  expected. 

» 

Moreover,  referring  to  table  (5-6)  one  sees  that  for  those 
specimens  in  which  runout  was  attained  anywhere  from  50 
to  99  per  cent  of  the  ultimate  strength  of  the  joint 
remained.  This  in  turn  indicates  that  a  much  longer  life 
for  those  parts  which  achieved  runout  could  have  been 
achieved  if  the  fatigue  testing  had  continued.  Again, 
referring  to  table  (5-3)  it  is  seen  that  the  maximum  load 
(mean  +  alternating)  at  which  fatigue  runout  occurred  was 
a  definite  function  of  lap  length.  Runout  for  the  .30 
and  .36  inch  overlap  specimens  was  at  approximately  26 
per  cent  of  the  ultimate  load  results  of  the  previous 
section.  The  .62  inch  specimens  achieved  runout  at  20 
per  cent  of  ultimate  load.  However,  these  results  are 
strain  rate  sensitive  as  the  ultimate  results  of  the 
previous  section  indicate. 

Based  on  these  results  a  plot  of  cycles  to  f  ailure 
vs.  maximum  fatigue  design  load  is  presented  in  Figure 
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£5-15) .  Using  these  results  and  the  ultimate  design 
procedure  outlined  in  the  previous  Section  a  fatigue 
design  procedure  can  be  adopted.  Thus  knowing  the  ul¬ 
timate  design  load  per  the  previous  Section’s  design 
methodology  one  can,  for  a  given  number  of  cycles  and 
overlap  length,  determine  the  maximum  design  fatigue 
load  for  a  given  lap  joint.  However,  one  must  realize 
that  for  different  adhesive  systems,  unequal  adherends, 
environmental  effects  and  varying  strain  rates  (Figure 
(5-15)  would  need  to  be  revised.  However,  the  fundamen¬ 
tal  design  methodology  is  unalterable. 

It  is  hypothesized  that  this  significant  increase 
in  fatigue  life  with  respect  to  staying  below  the  pro¬ 
portional  limit  stress  of  the  adhesive,  is  primarily  due 
to  the  retention  of  an  elastic  medium  which  has  exper¬ 
ienced  very  little  plastic  flow.  This  in  turn  usually 
means  a  slower  propagation  of  cracks  within  the  adhesive 
to  the  critical  crack  length  whereby  failure  suddenly 
occurs . 

Figures  (5-16)  and  (5-17)  present  a  possible  al¬ 
ternate  design  approach.  Based  on  a  maximum  alternating 
load  criteria  and  the  Bond3  analysis  program,  Figure 
(5-16)  is  a  plot  of  peak  adhesive  shear  stress  vs.  fatigue 
life.  Figure  (5-17)  plots  the  peak  adhesive  tensile 
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FIGURE  (5-17)  MAXIMUM  NORMAL  STRESS  IN  THE  ADHESIVE  VS 
CYCLES  TO  FAILURE 


stress  vs.  fatigue  life.  Reflecting  on  these  results 
one  can  discern  that  the  fatigue  life  of  the  part  achieved 
runout  when  the  maximum  alternating  load  peak  tensile 
and  shear  stresses  were  approximately  1500  PSJ.That  this 
equality  of  shear  and  tensile  stresses  is  other  than  co¬ 
incidence  can  not  be  ascertained  at  this  time.  Howe/er, 
by  looking  at  other  adhesive  systems  and  their  peak  stress 
levels  at  runout  vs.  their  maximum  alternating  load,  one 
could  clarify  this  gray  area. 

Based  on  the  results  presented  thus  far,  several 
suggestions  on  ways  to  improve  the  fatigue  life  of  a  lap 
joint  designed  to  fail  in  the  adhesive  can  be  ascertained. 

1.  An  adhesive  with  extremely  low  moduli  which 
tends  to  reduce  peak  stresses  in  the  adhe¬ 
sive  is  desirable. 

2.  An  adhesive  with  a  high  shear  proportional 
limit  stress  will  most  likely  increase  the 
life  of  the  joint. 

3.  Reducing  the  unsupported  lengths,  and  L3 

in  Figure  (5-12)  would  reduce  the  peak  stresses 
in  the  adhesive  by  reducing  the  moment  in¬ 
duced  at  the  discontinuous  ends  of  the 


overlap. 
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4.  An  optimum  overlap  length,  as  yet  undetermined, 
most  likely  would  increase  the  fatigue  life 
of  the  lap  joint. 

An  initial  examination  of  the  fatigue  failure 
surfaces  for  the  all  zero  degree  adherends  has  been  made. 

A  more  detailed  study  of  these  surfaces  will  be  made 
during  the  next  year. 

Of  these  specimens  which  exhibited  failure  prior 
to  four  million  cycles,  all  exhibited  an  adhesive-cohesive 
failure  as  detailed  in  tables  (5-3)  and  (5-4)  ,  and  Figures 
(5-18)  and  (5-19),  Typically,  the  failed  surfaces  dis¬ 
played  distinct  bands  as  shown  in  Figure  (5-20).  The  bands 
were  harder  to  discern  in  the  thicker  adhesives  and  in 
numerous  instances  were  uneven  in  their  width  over  the 
width  of  the  joint.  The  bands  at  each  loaded  end  of  the 
joint  were  similar  and  seemed  to  be  smooth  and  of  a 
cohesive  nature  while  the  center  region  displayed  a  failed 
surface  analogous  to  that  of  an  ultimately  failed  specimen. 
It  .is  assumed  that  the  smooth  nature  of  the  outer  bands 
was  due  to  the  minute  motion  of  the  adhesive  within  its 
thickness  after  cracking  had  occurred.  Further  it  is 
believed  the  cracks  initiated  from  the  ends  of  the  overlap, 
moving  inward  until  the  next  section  of  the  remaining 
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Fatigue  Failure  Surface  Ultimate  Failure  Surface 

Figure  (5-18)  All  0°  Adherends 
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Figure  (5-19)  All  0  Adherends 
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adhesive,  which  was  uncracked  could  not  withstand  the 
applied  load  in  an  ultimate  manner.  Such  growth  of  the 
bands  is  believed  realistic  for  two  reasons.  (1)  Peak 
tensile  stresses  occur  at  the  end  of  the  overlap  supply¬ 
ing  a  mode  I  capability  for  crack  growth.  This  form  cf 
crack  growth  has  been  substantiated  by  Jemian  (References 
63-65) i2)  Of  those  specimens  in  which  runout  was  attained 
and  which  were  then  statically  tested  to  failure,  small 
initial  smooth  bands  are  evident  emanating  from  the  ends 
of  the  overlap.  The  center  region  which  exhibited  a 
more  course  failure  surface  tended  to  duplicate  the  char¬ 
acteristic  failure  surface  of  the  ultimate  tested  lap 
joints . 


The  overall  mode  of  failure  in  fatigue  can  be 
hypothesized  as  follows.  Initially  a  crack  forms  at  the 
end  of  the  overlap  due  to  an  initial  flaw  in  the  adhesive 
which  is  propagated  by  the  peak  stresses  at  the  end  of 
the  joint  (i.  e.  primarily  the  tensile  stresses).  As 
the  crack  grows  the  effective  length  of  the  joint  is 
reduced,  the  peak  tensile  and  shear  stresses  moving  in¬ 
ward  just  ahead  of  the  crack.  This  effectively  alters 
the  geometry  of  the  joint.  Moreover,  Salkind  (57) , 
has  demonstrated  that  under  fatigue  stress  levels  of 
6-12  thousand  PSI  cracking  in  the  matrix  of  adherend  can 
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occur.  This  reduces  the  stiffness  of  the  adherend, 
increasing  the  peak  stresses  in  the  joint  (i.e.  see 
Figure  (3-33)  of  the  parametric  study) .  Thus  since  the 
average  adherend  stress  level  in  the  fatigue  test  pieces 
was  9000  PSI  it  is  conceivable  that  the  geometry  of  the 
part  was  altered  collectively  by  the  growth  of  the  crack 
in  the  adhesive  and  the  softening  of  the  adherend. 

Therefore,  the  original  part  must  withstand  the  increased 
peak  stresses  brought  about  by  the  effectively  shorter 
overlap  length  and  softer  adherends.  As  was  shown  in 
the  parametric  study  of  Chaper  III  in  Figures  (3-11) , (3-12) 
(3-13)  and  (3-14) ,  all  these  parameters  tend  to  raise 
the  peak  shear  and  tensile  stresses  in  the  adhesive. 
Eventually,  the  ultimate  strength  of  the  adhesive  is 
reached  and  a  sudden  ultimate  type  failure  is  observed. 

In  Chapter  III,  referring  to  Figure  (3-3)  comment 
was  made  that  possibly  a  correlation  between  the  band 
widths  and  where  the  normal  stress  became  compressive 
did  exist.  Table  (5-7)  is  an  attempt  to  correlate  the 
two.  However,  examination  would  suggest  that  no  corre¬ 
lation  does  exist  between  the  two.  Moreover,  the  results 
do  suggest  that  in  all  cases  where  failure  in  fatigue  did 
occur,  the  band  widths  did  exceed  the  initial  point  where 
the  normal  stress  became  compressive.  This  in  turn  would 
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TABLE  (5-7)  SUMMARY  OF  BAND  WIDTHS  ON  ADHESIVE 
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suggest  that  the  peak  stresses  move  inward  as  the  crack 
moves  inward  in  accordance  v/ith  the  earlier  stated 
mode  of  progressive  failure. 

Using  the  electron  scanning  microscope  in  the 
Mechanical  and  Aerospace  Engineering  Department  at  the 
University  of  Delaware,  photographs  of  the  smooth  band 
areas  on  the  ends  of  the  overlap  and  the  center  jagged 
region  were  made,  figure  (5-21)  depicts  a  segment  of 
the  smooth  band  area  on  one  end  of  the  overlap  at  24  x 
magnifications.  It  is  a  rather  smooth  undulating  surface. 
In  the  lower  left  hand  corner  the  fibrous  nature  cf  the 
scrim  is  evident.  A  blow-up  of  the  area  circled  is 
shown  in  Figure  (5-22).  Again,  the  generally  smooth 
landscape  with  slight  ridges  and  valleys  is  evident. 

A  further  magnification  of  the  area  circled  in  Figure 
(5-22)  is  displayed  in  Figure  (5-23) .  Note  is  made  of 
the  ripples  over  the  surface.  These  ripples  are  normal 
to  the  crack  extension  direction  and  may  be  associated 
with  the  ductile  nature  of  the  EA951  adhesive. 

The  center  region  of  a  typical  fatigue  failed 
surface  is  shown  in  Figure  (5-24).  The  white  areas  are 
the  residual  adhesive  material,  while  the  striated  regions 
are  the  glass  adherend  material.  Figure  (5-25)  displays 
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a  similar  failed  surface.  It  is  that  of  an  ultimate 
failure  specimen.  Thus,  the  similarity  is  unmistakable, 
making  the  idea  that  the  fatigue  specimen  fails  ulti¬ 
mately  in  next  section  seem  very  plausible.  Figures 
(5-26)  and  (5-27)  are  magnifications  of  Figure  (5-25) . 
The  fiberglass  fibers  and  the  residual  adhesive  attached 
to  the  strands  is  evident. 
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D ,  ANGLE-PLY  (45/0/-45/0)  FATIGUE  TEST  RESULTS 
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Analogous  to  the  all  uni-directional  fiberglass 
adherertds,  the  objectives  of  this  section  were  to  study 
the  influence  on  fatigue  life  of  certain  parametric 
variables.  These  were  overlap  length,  thickness  of  the 
adhesive  and  the  influence  rf  the  45°/0O/~45O/0°  lamina 
orientation  of  the  adherends.  In  addition  the  influence 
of  the  adhesive  proportional  limit  stress,  design  recom¬ 
mendations  and  the  types  of  failures  observed  will  also 
be  discussed.  A  summary  of  the  fatigue  test  results  is 
tabulated  in  Tables  (5-8)  and  (5-9).  In  all  instances 
the  ply  lay-up  pattern  was  45°/0O/-45°/0o.  The  overlap 
lengths  were  .30  and  .60  inches.  The  adhesive  thick¬ 
nesses  were  from  .5  to  5  mils  thick.  Again,  the  lack  of 
efficient  bond  line  thickness  control  is  evident.  The 
tests  were  conducted  at  75°  Fahrenheit,  while  the  relative 
humidity  fluctuated  from  20  to  44  per  cent.  All  tests 
were  run  at  a  stress  ratio  of  +.10.  Fatigue  runout 

r 

(i.e.  4.0  x  10  cycles)  for  the  063025  specimens  was 

at  a  mean  load  of  165  pounds.  Specimens  0630105,  0660/>o 
and  0660109  achieved  runout  at  165  pounds,  200  pounds 
and  275  pounds  respectively. 
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The  general  appearance  of  the  fatigue  failed 
surfaces  vs.  their  ultimate  test  counterparts  were  as 
follows.  Figure  (5-28)  displays  the  fatigue  and  ulti¬ 
mate  failure  surfaces  of  specimen  configuration  063Q25. 

Basically  the  ultimately  loaded  specimens  failed 
in  shear.  In  some  instances  part  of  the  45°  ply  adjacent 
to  the  adhesive  did  fail.  This  is  believed  to  be  a 
secondary  effect.  Moreover,  the  critical  fatigue  failure 
displayed  the  initial  failure  to  be  in  the  45°  ply  adjacent 
to  the  adhesive.  Resin  degradation  has  occurred  and  the 
fibers  are  starting  to  break  normal  to  their  direction. 

This  is  thought  to  be  the  result  of  high  interlaminar 
shear  (t^)  and  normal  stresses  in  the  resin.  This  will 
be  discussed  in  more  detail  later. 

Figure  (5-29)  displays  the  fatigue  and  ultimate 
failure  surfaces  of  specimens  0630105.  They  are  different 
from  the  previous  specimens  in  that  their  adhesive  thick¬ 
ness  is  approximately  4  mils  vs.  .5  mils  for  specimens 
labeled  063025.  Their  ultimate  failure  mode  is  seen  to 
be  in  the  adhesive.  The  adhesive  has  been  raised  up. 

This  may  indicate  a  tearing  away  by  normal  stresses  of 
the  adhesive  from  the  adherend.  The  fatigue  failure 
mode  also  displays  this  raising  up  of  the  adhesive  as 
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is  evident  in  the  ultimate  mode  of  failure.  However/ 
r.ne  actual  fatigue  failure  is  believed  to  be  the  result 
of  resin  degradation  in  the  45  degree  ply  adjacent  to  the 
adhesive.  Again  the  breaking  of  the  fibers  normal  to 
their  direction  is  evident.  Reflecting  on  the  failed 
surfaces  of  specimens  063025  and  0630105  the  primary 
difference  in  the  appearance  of  the  failed  surfaces  seems 
to  be  the  lifting  of  the  adhesive  evident  in  the  thicker 
adhesive  part.  This  effect  may  also  be  present  in  the 
.5  mil  specimens  once  it  is  put  under  an  electron  micro¬ 
scope.  However/  no  increase  in  fatigue  strength  was 
noticed,  regardless  of  the  adhesive  thickness. 

Figure  (5-30)  compares  specimens  of  group  066029. 
They  are  similar  to  specimens  063025  except  their  overlap 
length  is  twice  as  long  (.60  vs.  .30  inches).  This  set 
of  test  pieces  behaved  most  analogous  to  the  all  zero 
degree  adherena  specimens.  They  failed  in  the  adhesive 
when  tested  to  ultimate  failure.  Moreover,  the  fatigue 
items  failed  almost  simultaneously  in  the  adhesive,  where 
the  bands  were  evident,  and  in  the  45  degree  ply  adjacent 
to  the  adhesive. 

Figure  (5-31)  displays  the  ultimate  and  fatigue 
failure  surfaces  of  group  0660109.  These  are  similar  to 
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specimens  0630105  except  that  the  overlap  length  is 
twice  as  long  (.60  vs.  .30  inches)  and  the  adhesive 
thickness  is  about  half  as  much  (2  vs.  4  mils) .  The 
ultimate  mode  of  failure  is  totally  in  the  45  degree 
ply  adjacent  to  the  adhesive.  The  fatigue  mode  again 
was  in  the  ply  adjacent  to  the  adhesive,  displaying  a 
general  breakdown  of  the  resin  around  the  fiber  and  a 
breakage  of  fibers  normal  to  their  direction. 

In  summary,  the  type  of  fatigue  failure  observed 
seemed  to  be  independent  of  the  overlap  lengths  and  to 
a  minor  degree  sensitive  to  the  adhesive  thickness  used. 
Moreover,  the  ply  orientation  effect  is  definitely  a 
factor  in  the  type  of  fatigue  failure  one  observes. 

Whereas  the  all  zero  degree  adherend  items  failed  in 
the  adhesive,  displaying  definite  bands  attributed  to  the 
growth  of  cracks  in  the  adhesive  and  related  to  the  shear 
proportional  limit  stress  of  the  adhesive,  the  45/0/-45/0 
degree  items  failed  in  the  45°  ply  adjacent  to  the  adhesive 
due  to  resin  degradation  and  fiber  breakage.  Finally, 
in  referring  back  to  Tables  (5-8)  and  (5-9)  it  is  readily 
discernable  that  the  mean  load  increased  as  the  length 
of  overlar-  increased. 

In  an  effort  to  further  justify  the  shear 
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proportional  limit  of  the  adhesive  being  a  critical  life 
parameter  in  fatigue  a  comparison  of  the  shear  propor¬ 
tional  limit  stress  as  determined  in  Chapter  (IV)  vs. 
the  maximum  shear  stress  for  the  mean  load  at  which 
runout  occurred  was  made.  Table  (5-10)  details  these 
results.  Basically,  it  stipulates  that  the  peak  shear 
stresses  of  specimens  063025  and  0630105  never  attained 
their  proportional  limit  stress  allowables.  Thus  an 
adhesive  failure  would  not  be  expected.  It  did  not  occur. 
Further,  specimen  066029  which  failed  almost  simultaneous¬ 
ly  in  adhesive  shear  and  ply  degradation  did  in  fact  ex¬ 
hibit  maximum  shear  stresses  in  excess  of  its  proportional 
limit  stress.  A  shear  and  ply  type  failure  did  occur. 

Finally,  specimen  0660109  is  shown  to  have  not  exceeded 
its  proportional  limit  stress ,  thus  leading  one  to  expect 
failure  of  the  ply  adjacent  to  the  adhesive  to  occur.  It 
did.  Moreover,  the  results  are  mixed  when  comparing  the 
type  of  failure  vs.  adhesive  thickness  in  Tables  (5-8)  &  (5-9). 
Results  seem  to  indicate  that  for  longer  overlaps  and 
thinner  adhesive  thicknesses  an  adhesive  failure  is 
possible. 

Table  (5-11)  summarizes  the  ultimate  strength 
of  those  fatigue  test  items  which  achieved  runout.  In 
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general  their  ultimate  strength  after  undergoing 
4  x  10^  cycles  or  more  was  between  40  and  10 4 per  cent. 

In  specimens  063025  an  adhesive  failure  occurred  with 
signs  of  resin  failure  commencing.  In  specimens  066029 
an  adhesive  failure  occurred  and  the  bands  common  on  the 
all  0°  adherend  specimens  were  beginning  to  form.  All 
other  specimens  failed  in  the  45°  ply  adjacent  to  the 
adhesive . 

In  an  effort  to  discern  a  viable  design  methodo¬ 
logy  for  fatigue  items  of  other  than  all  zero  degree 
lamina  orientation,  one  is  again  referred  to  Figure  (5-15). 
The  results  of  the  45°/0°/-45°/0®  fatigue  tests  have  been 
plotted  vs.  the  maximum  fatigue  load  as  a  per  cent  of  the 
ultimate  load  of  the  part.  The  results  would  indicate 
that  the  angle-ply  had  a  negligible  effect  on  the  per  cent 
of  design  ultimate  one  can  design  for  in  fatigue.  In 
fact  at  first  glance  it  seems  that  one  pays  no  penalty 
in  fatigue  for  an  angle-ply  adherend.  Definitely,  this 
is  not  true.  The  fact'  is  that  the  ultimate  allowables 
of  the  angle-ply  specimens  are  less  than  those  of  the 
uni-ply  ones.  It  seems  however,  that  the  fatigue  life 
of  an  item  is  nearly  a  constant  percentage  of  the.  ulti¬ 
mate  strength  of  the  item  and  depends  on  the  number  of 
cycles  one  is  designing  the  fatigue  item  for.  Therefore, 
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1> 


* 
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if  one  follows  the  ultimate  design  methodology  elaborated 
on  earlier  in  this  chapter,  an  adequately  designed  fatigue 
item  should  be  had. 

Moreover,  to  dispel  any  idea  that  the  fatigue 
life  of  a  specimen  is  unaltered  by  the  orientation  of  the 
plys,  one  need  only  look  at  table  (5-12).  From  this  it 
is  evident  that  a  20-40  per  cent  reduction  in  fatigue 
strength  for  4.0  x  10^  cycles  was  observed  when  the 
45/0/-45/0  degree  ply  orientation  was  employed  vs.  the 
all  0  degree  ply  orientation. 

Having  observed  the  critical  degradation  of  the 
45  degree  ply  adjacent  to  the  adhesive,  leading  to  a  pre¬ 
mature  failure  of  the  lap  joint  vs.  an  adhesive  failure, 
one  must  ask  why  and  how  did  this  occur.  In  capsule  form 
it  is  believed  the  45  degree  ply  adjacent  to  the  adhesive 
failed  prematurely  because  of  severe  normal  and  shear 
stresses  in  the  resin  itself  between  lamina..  These 
are  not  of  appreciable  magnitude  in  a  zero  degree  ply. 

Recalling  that  the  x-y  axes  are  the  geometrical 
axes  of  the  part  being  loaded  and  the  1-2  axes  run  parallel 
to  and  normal  to  the  fiber  orientation  respectively,  an 
explanation  of  the  failure  mechanism  in  a  45  degree  ply 
will  be  made.  Observation  of  the  failed  surfaces  indi- 
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cated  that  the  45  degree  ply's  initial  damage  occurred 
at  the  loaded  edge  of  the  overlap  (Figure  (5-31) .  There¬ 
fore  it  was  decided  to  look  at  the  differences  in  the 
peak  stresses  and  stiffnesses  of  a  45  degree  ply  adjacent 
to  the  adhesive  vs.  a  zero  degree  ply  adjacent  to  the 
adhesive.  The  Bond3  analysis  program  was  used  for  this 
comparison.  The  results  are  summarized  in  table  (5-13) . 

Critical  stress  comparisons  were  made  for  an  all 
0°  adherend  and  a  45o/0°/-45o/0°  adherend.  All  other 
properties  were  identical,  including  the  loads.  Observing 
the  peak  shear  stresses  in  the  adhesive  one  sees  very 
little  difference,  and  only  a  modest  difference  in  the 
peak  normal  stresses  which  would  accelerate  the  crack 
growth  rate  in  the  adhesive,  if  it  were  so  disposed. 
Therefore,  one  looks  further  and  readily  discerns  very 
significant  changes  in  the  interlaminar  shear  stress  (t^2) 
and  the  normal  stress  (a2)  perpendicular  to  the  fiber 
direction.  The  interlaminar  shear  stress  goes  from  0 
for  a  0°  ply  orientation  to  approximately  3500  PSI  fox- 
a  45°  ply  orientation.  However,  even  more  startling  is 
the  threefold  increase  in  the  tensile  stress  on  the  resin 
in  the  two  direction.  Moreover,  this  is  at  mean  load, 
reaching  much  higher  values  at  peak  alternating  load. 
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Compounding  the  situation  even  further  is  the 
introduction  of  secondary  effects.  These  effects  are 
caused  by  the  appearance  of  the  Alg,  A2g,  Dlg,  D2g  terms 
from  the  extensional  stiffness  and  flexural  stiffness 
matrices  respectively.  While  in  0°  and  the  45°/0o/-45o/0° 
laminate  they  have  at  best  a  minor  influence,  in  the  45 
degree  ply  adjacent  to  the  adhesive  they  play  a  signifi¬ 
cant  role.  Recalling  that  A^,  which  is  the  in-plane 
extensional  stiffness  matrix,  relates  axial  loads  and 
strains  per 

[e°]  =  [A-1] [N]  (5-6) 

and  that  D  .  the  flexural  stiffness  matrix  relates 
2-3 

moment  and  curvature  effects  per 

[tc]  =  [D“l]  [M]  (5-7) 

one  can  discern  the  effect  of  the  A.-,  D  terms  on  our 

lo  16 

specimens . 


Given  an  applied  load  and  moment,  and  M  respec¬ 
tively,  it  can  be  shown  using  equations  (5-6)  and  (5-7) 
that  a  shear  strain 

Y  =  a7*  N  (5-8) 

and  a  curvature 

k  =  dT*  M  (5-9) 

xy  16  x  '  ' 

are  introduced.  In  this  particular  case  A^g  is  far  more 
dominate  and  is  believed  to  account  for  the  significant 


1 


increase  in  the  shear  stress  in  the  1-2  plane. 


Furthermore  it  is  believed  this  induced  shear 
effect  and  the  induced  warpage,  to  a  lesser  degree,  are 
responsible  for  the  fibers  of  the  45  degree  ply  being 
broken  normal  to  their  direction. 

Having  established  that  high  stresses  do  indeed 
exist  within  the  45°  ply  at  the  loaded  end  of  the  overlap, 
one  wonders  if  the  resin  can  sustain  such  stress  levels. 
Evidence  is  scarce  here  and  test  results  exhibit  a  wide 
scatter  but  generally  indicate  that  the  resin  in  1002S 
material  cannot  take  stress  levels  comparable  to  those 
calculated  and  summarized  in  Table  (5-13) . 

In  retrospect,  it  would  seem  the  critical  mode 
of  failure  in  the  45°  ply  was  primarily  tensile  stress 
in  the  2-direction. 

An  initial  investigation  of  the  details  of  the 
failure  surfaces  of  the  45°/0O/-45o/0°  specimens  has  been 
performed.  Using  the  electron  microscope  in  the  Mechanical 
and  Aerospace  Engineering  Department  Figures  (5-32)  to 
(5-35)  were  made.  Figure  (5-32)  is  a  32  x  magnification 
of  the  45°  ply,  adhesive  boundry  of  a  fatigue  specimen. 

It  shows  how  the  fibers  sheared  parallel  to  themselves. 


Figure  (5-35)  820  x  Magnification  of  a  45°/0o/-45o/0° 
Adhesive  Ultimate  Failed  Surface 
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The  fibers  are  to  the  left.  The  top  surface  has  a  scrim 
cloth  on  it.  More  important,  however,  are  the  high 
ridges  of  the  adhesive  normal  and  near  the  loaded  edge 
of  the  overlap.  These  are  the  regions  of  the  adhesive 
that  were  lifted  up  as  if  torn  suddenly  by  peeling  forces. 
Figure  (5-33)  is  a  158  x  magnification  of  these  ridge 
areas.  They  look  granular  and  if  one  looks  closely 
broken  fibers  in  the  adhesive  can  be  seen.  In  the  lower 
left  hand  corner  the  angle  ply  failure  boundry  is  evident. 

Figure  (5-34)  is  an  800  x  magnification  of  the 
area  circled  in  Figure  (5-33) .  Broken  pieces  of  adhesive 
can  be  seen  lying  on  the  fibers  of  the  adhesive.  More¬ 
over,  the  transversely  failed  surfaces  of  the  adhesive 
fibers  is  evident  in  the  upper  left  hand  corner. 

Figure  (5-35)  is  an  820  x  magnification  of  an 
ultimate  tested  adhesive  surface.  The  similarity  between 
it  and  the  fatigue  specimen  surface  in  Figure  (5-34) 
enforces  the  fact  that  the  angle  ply  adjacent  to  the 
adhesive  was  indeed  the  critical  failure  mode  in  the 
fatigue  specimen,  the  adhesive  being  failed  as  an  after- 

i 

math  in  an  ultimate  mode. 

A  continuing  study  of  all  failure  surfaces  will 
proceed  throughout  the  coming  year.  In  addition  variable 
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load  fatigue  tests  now  being  conducted  will  be  reported 
on  as  will  tests  with  PRD-49  type  II  material. 


Preceding  page  blank 


420 


Conclusions 

A.  A  relationship  between  the  mean  load  and  the 
shear  proportional  limit  of  the  adhesive  is 
evident. 

B.  The  fatigue  life  of  all  specimens  increased  with 
an  increase  in  lap  length. 

C.  For  a  fatigue  life  of  4  x  10  cycles  a  maximum 
design  load  of  26  per  cent  of  ultimate ' load 
fcr  a  lap  length  of  .30  inches  and  of  20  per 
cent  of  ultimate  load  for  a  lap  length  of  .60 
inches  was  attained.  This  was  independent 

of  ply  orientation. 

D.  The  strongest  fatigue  specimen  was  an  all  0° 
adherend  one  with  a  .60  inch  overlap,  and  being 
bonded  by  a  "soft"  adhesive. 

E.  A  fatigue  design  methodology  was  advanced. 

F.  The  ideal  adhesive  in  fatigue  is  one  of  low 
tensile  and  shear  moduli ,  possessing  a  high 
proportional  limit  stress  and  possessed  with 
high  shear  and  tensile  ultimate  strength. 

EA951  film  is  such  a  desirable  adhesive. 

G.  No  distinct  effect  on  fatigiie  life  vs.  ad¬ 
hesive  thickness  was  ascertained. 
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H.  Failure  of  the  adhesive  in  fatigue  was  due 
to  an  ultimate  failure  of  the  uncracked 
material,  once  the  critical  crack  length  was 
reached. 

I.  Failure  in  the  45°  ply  was  due  to  excessive 
in-plane  stresses  normal  to  the  fiber  direc¬ 
tion  in  the  resin.  Avoid  such  a  ply  adjacent 
to  the  adhesive.  Perhaps  a  0°  would  be  helpful 
next  to  the  adhesive  in  a  0°/45o/0o/-45° 
pattern . 

J.  A  20-40  per  cent  penalty  in  load  level  vs.  run¬ 
out  (4.0  x  10^  cycles)  was  observed,  for  a 
45°/0O/-45O/0°  specimen  vs.  an  all  0°  one. 

Proposed  Research 

A.  Study  the  influence  of  extending  the  overlap 
length  beyond  .60  inches  on  the  fatigue  life 
of  the  joint. 

B.  Study  the  effect  of  unequal  adherends  on  the 
fatigue  life  of  the  joint. 

C.  Study  the  influence  of  "thick"  vs.  "thin" 
adhesive  films  on  the  fatigue  life  of  the 
joint. 
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D.  Study  various  ways  of  decreasing  the  eocentri 
city  effect  which  induces  adverse  stresses  in 
both  the  adherend  and  the  adhesive. 

E.  Study  the  effect  of  a  0o/45o/0°/-45o  lay  up 

pattern  on  the  type  of  bonded  joint  failures 
observed. 
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APPENDIX  A 


Given:  A  3-ply  laminate  with  properties 


and  Qcci  with  thicknesses  as  given  in  the  above  sketch, 
55 1  3 

orientation  of  the  plys  is  arbitrary.  The  top  surface  of 


layer  3  will  be  assumed  stress  free  as  in  our  lap  joint 


problem,  thus. 


h2 

°z(x'  ~V  3  =0 


(1) 


Using  equation  (  2.33)  on  page  50  one  obtains 


0  =  [- 


+  [-  Qc 


h2 

2  b55 1 


+  d3(x)  (2) 


Therefore,  one  must  obtain  d3(x)  by  using  equation  (  2.39) 
to  obtain  d3(x)  in  terms  of  d^(x)  and  d2(x)  •  ^(x) 

comes  from  the  boundary  condition 
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oz(x,  -  -y)  =  aoL 


d-^x) 


3h-  dx  h0  d<*x0 

rf  2  O  «  2  2 

oL  8“  dx  "  y55 1  x  3  dx 


Using  the  boundary  condition  for  continuity  of  normal 
stresses  between  adjacent  lamina,  namely: 


°z(x'Hm+1>  °z  ^X/HM+1^ 

1X  M  z  w  A  M+l 


One  can  determine  d2 (x)  and  d^ (x) .  They  are 


.c  h  d*x 

d2(x)  =  43  h2  "diT  ^55^  "  ^55  i  ~  b55 1  2  ~T  ”dx~  +  dl(x) 


d3(x)  [^55|3  "  2®55 | 2  +  Q55|11  48  n2  dx 


h_  d<^x5 

b55|2  -T-d3T+  dl(x) 


Substituting  equations  (7)  and  (4)  into  (2)  the  resulting 
expression  for  the  normal  stress  on  the  top  surface  of  the 
laminate  is 


h0  dx  _  _  i  -j  _  5h-  _ 

0  =  "  ~i  +  48  h2  Q55|3  “  24  Q55 1 2  h2  “  ~W  Q55|1 


ll'M— rtrifriinii  •  ■  I  nn.l  IMfM.  1 
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+  a 


oL 


(8) 


Making  use  of  expressions  (2.253)  and  (2.260)  on  page  139 
a  relation  for  a  is  obtained. 


o 


Oh 


^2 

2  dx 


+  Kr 


dx 


(9) 


Substituting  this  relation  in  equation  (8)  a  relation  for 

^2 

K_  is  obtained  which  must  be  satisfied  if  o  (x.  -=-)  =0 
5  z  i 

is  to  be  satisfied. 


K5  48  h2  °55| 


+  57  h2  ®55| 


2  +  48  h2  Q55|l 


+  b55 1 2  2  (10) 


Per  the  definition  of  given  on  page  81  for  our  3-ply 

laminate  one  obtains 


3 

K5  =  1  {Q55l  (Z 

5  K=1  55  !K 


H 
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4z~ 

3hu 


+  b 


55 
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K+l 
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K+l 


(ID 


Expanding  this  expression  and  combining  similar  terms  one 
obtains 


K5  *  h2  +  57Q55|2  h2  +  4?°5S 


3  h2  +  b55| 2  2  <12) 


i 
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Comparing  this  to  {10)  we  see  that  they  are  identical. 
h0 

Thus,  o  |  (x,  -£)  =  0  is  satisfied  independent  of 

z|K  * 

lamina  orientation. 


A 


K  I 


\ 


1 

I 

I 


^rd3Lt>.%.  JJ 


